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Abstract 

We consider the problem of model-checking for Process Rewrite Systems (PRSs) 
in normal form. In a PRS in normal form every rewrite rule either only deals with 
procedure calls and procedure termination, possibly with value return, (this kind of 
rules allows to capture Pushdown Processes), or only deals with dynamic activation 
of processes and synchronization (this kind of rules allows to capture Petri Nets). The 
model-checking problem for PRSs and action-based linear temporal logic {ALTL) is 
undecidable. However, decidability of model-checking for PRSs and some interesting 
fragment of ALTL remains an open question. In this paper we state decidability re- 
sults concerning generalized acceptance properties about infinite derivations (infinite 
term rewritings) in PRSs in normal form. As a consequence, we obtain decidability 
of the model-checking (restricted to infinite runs) for PRSs in normal form and a 
meaningful fragment of ALTL. 

1 Introduction 

Automatic verification of systems is nowadays one of the most investigated topics. A major 
difficulty to face when considering this problem comes to the fact that, reasoning about 
systems in general may require dealing with infinite state models. For instance, software 
systems may introduce infinite states both manipulating data ranging over infinite do- 
mains, and having unbounded control structures such as recursive procedure calls and/or 
dynamic creation of concurrent processes (e.g. multi-treading). Many different formalisms 
have been proposed for the description of infinite state systems. Among the most popular 
are the well known formalisms of Context Free Processes, Pushdown Processes, Petri Nets, 
and Process Algebras. The first two are models of sequential computation, whereas Petri 
Nets and Process Algebra explicitly take into account concurrency. The model checking 
problem for these infinite state formalisms have been studied in the literature. As far as 
Context Free Processes and Pushdown Automata are concerned (see [TJ HJ El UH U21 EES] ) , 
decidability of the modal /i-calculus, the most powerful of the modal and temporal logics 
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used for verification, has been established (e.g. see [HI ESI)- In [TT| ITU]. m °del checking for 
Petri nets has been studied. The branching temporal logic as well as the state-based linear 
temporal logic are undecidable even for restricted logics. Fortunately, the model checking 
for action-based linear temporal logic (ALTL) is decidable. 

Verification of formalisms which accommodate both parallelism and recursion is a chal- 
lenging problem. To formally study this kind of systems, recently the formal framework 
of Process Rewrite Systems (PRSs) has been introduced ^3]. This framework, which is 
based on term rewriting, subsumes many common infinite states models such us Pushdown 
Systems, Petri Nets, Process Algebra, etc. The decidability results already known in the 
literature for the general framework of PRSs concerns reachability analysis. However, the 
model checking of action-based temporal logic becomes undecidable. It remains undeci- 
dable even for restricted models such as those presented in [3]. 

In this paper we extend the known decidability results, for a relevant syntactic fragment 
of PRSs, to properties of infinite derivations, thus allowing for automatic verification of 
some interesting classes of action-based linear time properties. The fragment we consider 
is that of PRSs in normal form, where every rewrite rule either only deals with procedure 
calls and procedure termination, possibly with value return, (this kind of rules allows 
to capture Pushdown Processes), or only deals with dynamic activation of processes and 
synchronization (this kind of rules allows to capture Petri Nets). 

Our result extends our previous result established in and regards the decidability of 
two problems: the first (resp., the second) concerns generalized acceptance properties of 
finite derivations (resp., infinite derivations) in PRSs in normal form. As a consequence 
we obtain decidability of the model-checking (restricted to infinite executions) for PRSs 
in normal form and a meaningful ALTL fragment. 

The rest of the paper is structured as follows. In Section 2, we recall the framework of 
Process Rewrite Systems, we summarize some decidability results for reachability problems, 
and our previous result for PRSs in normal form. In Section 3, it is shown how our 
decidability results about generalized acceptance properties of infinite derivations in PRSs 
in normal form can be used in model-checking for a meaningful ALTL fragment. In Section 
4, we prove decidability of the two problems about finite and infinite derivations in PRSs 
in normal form, mentioned above. Appendix contains detailed proof of our results. 

2 Process Rewrite Systems 

In this section we recall the framework of Process Rewrite Systems (PRSs). We also recall 
the notion of Biichi Rewrite System (BRS) introduced in j^j to prove decidability of the 
model-checking problem for some classes of linear time properties and PRSs in normal 
form. We conclude this section by summarizing some decidability results on PRSs, known 
in the literature, that will be exploited in further sections of the paper. 
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2.1 Process Rewrite Systems and Biichi Rewrite Systems 

In this subsection we recall the notion of Process Rewrite System, as introduced in [Tlj . 
The idea is that a process (and its current state) is described by a term. The behavior of 
a process is given by rewriting the corresponding term by means of a finite set of rewrite 
rules. 

Definition 2.1 (Process Term). Let Var be a finite set of process variables. The setT 
of process terms over Var is inductively defined as follows: 

• Var C T 

• eeT 

• ti \\t 2 £ T, for all ti, t 2 G T 

• X.(t) G T, for all X G Var and t G T 

where e denotes the empty term, "||" denotes parallel composition, and ".()" denotes se- 
quential composition 1 . 

We denote by T S eq the subset of terms in T devoid of any occurrence of parallel 
composition operator, and by Tpar the subset of terms in T devoid of any occurrence of 
the sequential composition operator. Notice that we have Tpar H T$eq = Var U {e}. 

In the rest of the paper we only consider process terms modulo commutativity and 
associativity of "||", moreover e will act as the identity for both parallel and sequential 
composition. Therefore, we introduce the relation za Tj which is the smallest equivalence 
relation on T such that for all t\, t 2 , £3 G T and X G Var: 

• £i||£ 2 ~t t 2 \\ti, hWfaWh) ^ T (^x ||*2) 11*3, and ttWe ~t h- 

• X.(s) ^ T X, and if h ^ T t 2l then X(£i) ^ T X.(t 2 ). 

In the paper, we always confuse terms and their equivalence classes (w.r.t. ~t)- In 
particular, ti = t 2 (resp., t\ 7^ t 2 ) will be used to mean that t\ is equivalent (resp., not 
equivalent) to t 2 . 

Definition 2.2 (Process Rewrite System). A Process Rewrite System (or PRS, or 
Rewrite System) over the alphabet S and the set of process variables Var is a finite set of 
rewrite rules ^R.CTxT.xTof the form t — > t! , where t (7^ e) and t' are terms in T , and 
a G E. 

The semantics of a PRS 3? is given by a Labelled Transition System (T, E, — >), where 
the set of states is the set of terms T of 3?, the set of actions is the alphabet E of 3?, and 

1 |14j also allows terms of the form ii-fo), where t\ is a parallel composition of variables. In the current 
context this generalization is not relevant. 



3 



the transition relation -^CTxSxTis the smallest relation satisfying the following 
inference rules: 

— (tAt')eR ^— VieT — VXeVar 



For a Fi^i? dt with set of terms T and LTS (T, E, — >), a pat/i m 3? from t G T is a path 
in (T, E, — >) from t, i.e. a (finite or infinite) sequence of LTS edges to ti— * t 2 — i such that 
t — t and i,- ~^tj + i E — > for any j. A run m 3? from t is a maximal path from t, i.e. a 
path from t which is either infinite or has the form t A t\ — * . . .^A 1 t n and there is no edge 
t n At' E — >, for any a n G E and t' G T. We write runs^(t) (resp., runs^ j00 (t)) to refer to 
the set of runs (resp., infinite runs) in 3ft from t, and runs^R.) to refer to the set of all the 
runs in 3?. 

The LTS semantics induces, for a rule r G 3?, the following notion of one-step derivation 
by r. The one-step derivation by r relation, =^ w , is the least relation such that: 

• t \ t', for r = t A f 

• =Hi *2p, if *i A w ti and t G T 

• \X.(t 2 ), if ti \t 2 and X G Var 

A finite derivation in 3? from a term t to a term t' (through a finite sequence a = 
f\f'i ■ ■ ■ f'n of rules in 3?), is a sequence d of one-step derivations to =\ t\ =\ t 2 . . . t n _i 

t n , with t — t, t n — t' and tj tj+i for all i — 0, . . . , n — 1. The derivation d is a 
n-step derivation (or a derivation of length n), and for succinctness is denoted by t 
t'. Moreover, we say that t' is reachable in 3? from term t (through derivation d). If a is 
empty, we say that d is a null derivation. 

A infinite derivation in 3ft from a term t (through an infinite sequence a = r\r 2 ... of rules 
in 3?), is an infinite sequence of one step derivations to =\ ti =^ t2 • • ■ such that to — t and 
*i for alH > 0. For succinctness such derivation is denoted by t Ajj. 

Notice that there is a strict correspondence between the notion of derivation from a term 
t and that of path from the term t. In fact, there exists a path to A t : A t 2 . . . from to in 
3? iff there exists a derivation to =4> M ti =r- R t 2 . . . from to in 3?, with = label(ri), for any « 
(where for a rule r G 3? with r = t At', label(r) denotes the label a of r). 

In the following, we shall consider PRSs in a syntactical restricted form called normal 
form. 

Definition 2.3 (Normal Form). A PRS 3ft is said to be in normal form if every rule 
r E 3? has one of the following forms: 

PAR rules: Any rule devoid of sequential composition; 
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SEQ rules: X^Y.(Z), X.(Y)^Z orX^Y, orX^e. 

with X,Y,Z e Var. A PRS where all the rules are SEQ rules is called sequential PRS. 
Similarly, a PRS where all the rules are PAR rules is called parallel PRS. 

The sequential and parallel fragments of PRS are significant: in ^1] it is shown that 
sequential PRSs are semantically equivalent (via bisimulation equivalence) to Pushdown 
Processes, while parallel PRSs are semantically equivalent to Petri Nets. Moreover, from 
the fact that Pushdown systems and Petri Nets are not comparable (see [HUE]) it follows 
that PRSs in normal form are strictly more expressive than both their sequential and 
parallel fragment. So, the following result holds: 

Proposition 2.1. PRSs in normal form are strictly more expressive than Petri nets and 
Pushdown Processes. 

Now, let us extend the notion of PRS to that of Biichi Process Rewrite System (BRS). 
Intuitively, a BRS is a PRS where we can distinguish between non-accepting rewrite rules 
and accepting rewrite rules. 

Definition 2.4 (Biichi Rewrite System). A Biichi Rewrite System (BRS) over a finite 
set of process variables Var and an alphabet E is a pair (3ft, 3fti?) ; where 3ft is a PRS over 
Var and E, and 3ft^ C 3ft is the set of accepting rules. 

A Biichi Rewrite System (3ft, 9f£p) is called a BRS in normal form (resp., sequential 
BRS, parallel BRS), if the underlying process rewrite system 3ft is a PRS in normal form 
(resp., parallel PRS, sequential PRS). 

Definition 2.5 (Acceptance in Biichi Rewrite Systems). Let us consider a BRS 
M = (3ft, 3ftp). An infinite derivation t 4>* in 3ft from t is said to be accepting (in M) if a 
contains infinite occurrences of accepting rules. 

A finite derivation t t' in 3ft from t is said to be accepting (in M) if a contains some 
occurrence of accepting rule. 

2.2 Decidability results for PRSs 

In this section we will summarize decidability results on PRSs which are known in the 
literature, and which will be exploited in further sections of the paper. 

Verification of ALTL (Action-based LTL) 

Given a finite set E of atomic propositions, the set of formulae ip of ALTL over E is 
defined as follows: 

cp ::= true \ -up \ <p\ A ip2 \ (a)ip \ <piU<p2 \ Gtp \ Ftp 

where a e E. 



5 



In order to give semantics to ALTL formulae on a PRS 3ft, we need some additional 
notation. Given a path it = t -4 t\ t<i -4 . . . in 3ft, n % denotes the suffix of tt starting 
from the 2-th term in the sequence, i.e. the path ti ti + \ ^> . . .. The set of all the 
suffixes of 7r is denoted by suffixiji) (notice that if it is a run in 3ft, then 7r l is also a run in 
3?, for each i.) If the path 7i = t t± . . . is non-trivial (i.e., the sequence contains at 
least two terms) firstact{u) denotes Oq, otherwise we set firstact(ir) to an element non in 
S, say it 0. 

ALTL formulae over a PRS 3ft are interpreted in terms of the set of the runs in 3ft 
satisfying the given ALTL formula. The denotation of a formula ip relative to 3ft, in symbols 
[[¥>]] 3?) is defined inductively as follows: 

• [[trwe]]sR = runs(3ft) 

• = runs^ft) \ 

• [[<pi a pi]]* = [MW n [MW 

• [[(o)i^]]sr = {vr G runsiJR) \ firstact(n) = a and n 1 G 

• [[</2it/<^2]]K = { 7r G runsiJR) | for some i > 0,77* is defined and ix % G [[y^]]^ an d 

for all j < i,7T j G [[<pi]]& } 

• = e runs(3ft) | suffix{it) C [[</>]]»} 

• = {tt G rwis(K) | s*(tt) n [[* ^ 0} 

For any term i 6 T and ALTL formula we say that t satisfies (p (resp., satisfies <p 
restricted to infinite runs) (w.r.t 3ft), in symbols t |=sr <p (resp., t |=sr,oo V?), if runs-frit) C 
[[</?]]» (resp., runsssi )00 (t) C [[y>]]«). 

The model-checking problem (resp., model-checking problem restricted to infinite runs) 
for ALTL and PRSs is the problem of deciding if, given a Pi?5" 3ft, a ALTL formula </? and 
a term £ of 3ft, t |=sr y> (resp., t |=sr,oo V 9 )- The following are well-known results: 

Proposition 2.2 (see |14l I1UI lllj ). The model-checking problem for ALTL and parallel 
PRSs, possibly restricted to infinite runs, is decidable. 

Proposition 2.3 (see [2" | 1^. IT1| ). The model-checking problem for ALTL and sequential 
PRSs, possibly restricted to infinite runs, is decidable. 

The model-checking problem for ALTL and unrestricted PRSs is known undecidable 
(see PI|). 

In jH] we showed that the model-checking problem for PRSs in normal form (that are more 
expressive than parallel and sequential PRSs) and a small fragment of ALTL is decidable. 
In particular, we established the following result. 

Theorem 2.1 (see [5j). Given a BRS (3ft, dtp) in normal form and a process variable X 
it is decidable if 



6 



1. there exists an infinite accepting derivation in 3ft from X . 

2. there exists an infinite derivation in 3ft from X, not containing occurrences of accept- 
ing rules. 

3. there exists an infinite derivation from X , containing a finite non-null number of 
occurrences of accepting rules. 

This result implies the decidability of the model-checking problem (restricted to infinite 
runs) for PRSs in normal form and the following fragment of ALTL 

if ::= Fi[) | GFip \ -up (1) 

where tp denotes a ALTL propositional formula 2 . 
Thus, the following result holds 

Theorem 2.2 (see [S]). The model-checking problem for PRSs in normal form and the 
fragment ALTL (JTJ), restricted to infinite runs from process variables, is decidable. 

3 Multi Biichi Rewrite Systems 

In this section we generalize the notion of acceptance in PRSs, as defined in I2.5I intro- 
ducing the notion of Multi Biichi Rewrite System (MBRS). Intuitively, a MB RS is a PRS 
with a finite number of accepting components, where each component is a subset of the 
PRS. The goal is to extend the decidability result of theorem I2.ll As a consequence, we 
obtain decidability of model-checking for PRSs in normal form and a meaningful fragment 
of ALTL, that includes strictly the fragment (0) defined in subsection I2.2I 

Definition 3.1 (Multi Biichi Rewrite System). A Multi Biichi Rewrite System (MBRS) 
(with n accepting components) over a finite set of process variables Var and an alphabet 
£ is a tuple M = (9ft, (3ft^, . . . , 3ft„}} } where 3ft is a PRS over Var and £, and Vi = 1, . . . , n 
3ft^ C 3ft. 3ft is called the support of M. 

A MBRS M = (3ft, (3ft^, . . . , 3ft^)) is a MBRS in normal form (resp., sequential MBRS, 
parallel MBRS), if the underlying PRS 3ft is in normal form (resp., is sequential, is parallel). 

Definition 3.2. \/n £ N\{0} let us denote by P n the set 2^ 1 >-' n ' (i.e., the set of the subsets 
<>.f {I «}). 

Definition 3.3 (Finite Maximal). Let M = (3ft, (3ftf, . . . ,3ft^)) be a MBRS, and let a 
be a rule sequence in 3ft. The finite maximal of cr as to M , denoted by T^ M (a), is the set 
{i G {1, . . . , n}\ a contains some occurrence of rule in 3ftf }. 

2 The set of ALTL propositional formulae ip over the set £ of atomic propositions is so denned: 
tp ::=<a> true \ip A ip \ ->ip (where a G S) 
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Definition 3.4 (Infinite Maximal). Let M = (3?, (3?f, . . . , &*)) be a MBRS, and let a 
be a rule sequence in 3?. The infinite maximal of a as to M , denoted by T^(<t), is the set 
{i G {1, . . . , n}\ a contains infinite occurrences of some rule in $lf }. 

Now, we give a generalized notion of accepting derivation in a PRS. 

Definition 3.5 (Acceptance). Let M = (3?, (3^, . . . , 3^)) be a MBRS, and let t be 
a derivation in 3ft. Given K, K u G P n , we say that t =5»* is a (K, K u )— accepting derivation 
in M if T f M (a) = K and T^(tr) =K U . 

Definition 3.6. Let o~\ and a 2 be sequences of rules in a PRS 3?. 

We denote by Interleaving (o \, a 2 ) the set of rule sequences in dt defined inductively in the 
following way (we denote by e the empty sequence): 

• Interleaving(e, a) = {a} 

• Interleaving(a, e) = {a} 

• Interleaving(r 1 ai,r 2 a 2 ) = {ria\a G Interleaving(ai,r 2 a 2 )}[j 
{r 2 o~\a G Interleaving(rio~i, o~ 2 )} where t\ and r 2 are rules in 3?. 

The above definition can be extended in obvious way to an arbitrary number of rule 
sequences. 

Now, we establish (through propositions 13. lj) simple properties of rule sequences in 
MBRSs, important in the following. We need the following definition. 

Definition 3.7. Let {K h } h€N be a succession of sets in P n . Let us denote by Q) heN K h 
the subset of P n given by {i\ Vj G N there exists a h > j such that i G K^}. 

Proposition 3.1. Given a MBRS M = (3?, (3^, ...,&£)) and two rule sequences a and 
a' in 3ft, the following properties hold: 

1. If a is finite, then T^(cx) = 0. 

2. If a' is a subsequence of a, then T{ / (a') C T^ M (a) and Y^(cx') C T^(cr). 

3. IfX G Interleaving{a,a'), then T f M (X) = T f M (a) U T f M {a') and T^(A) = T™(a) U 

4. Ifa = oqo x o 2 . . ., then T f M (a) = {J heN T f M (cT h ) and T^(cr) = ® heN T f M (a h ). 

5. If a' is a reordering of a, then T{ f (cr) = T{ / (cr / ) and T^(cr) = T^(cr'). 

In the following subsection we enunciate the two main results of the paper (proved 
in section 0J): the one regarding acceptance properties of finite derivations in MBRSs in 
normal form, the second regarding acceptance properties of infinite derivations in MBRSs 
in normal form. Moreover, we show that the second result can be exploited for automatic 
verification of some meaningful (action-based) linear time properties of infinite runs in 
PRSs in normal form. 



S 



3.1 Model-checking of PRSs in normal form 

The main result of the paper is the following: 

Given a MBRS in normal form M = (9ft, (Uf, 3H£)) over Var and the alphabet E ; given 
a variable X G Kar and two sets K, K w G P n it is decidable if: 

Problem 1: There exists a (if, 0)- accepting finite derivation in M from X. 
Problem 2: There exists a (K, K w )- accepting infinite derivation in M from X. 

The decidability of Problem 1 is used mainly, as we'll see, to prove decidability of Pro- 
blem 2. 

Before proving these results in Sections 14.21 and 14.31 we show how a solution to these pro- 
blems can be effectively employed to perform model checking of some linear time properties 
of infinite runs (from process variables) in PRSs in normal form. In particular we consider 
the following ALTL fragment, that includes strictly the fragment (0) defined in subsection 
IP1 

if ::= Fip | GF ip | -up | <p A <p \ (p V (p (1) 

where ip denotes a ALTL propositional formula. For succinctness, we denote a ALTL 
propositional formula of the form <a> true (with a G E) simply by a. 
The difference with fragment defined in subsection 12.21 is that, now, we allow boolean 
combinations of formulae of the form Tip, where T denotes a temporal operator in {F, G, FG, 
GF} and ip is a ALTL propositional formula. 

Within the fragment above, property patterns frequent in system verification can be ex- 
pressed. In particular, we can express safety properties (e.g., Gp), guarantee properties 
(e.g., Fp), obligation properties (e.g., Fp — > F q, or Gp — > Gq), response properties 
(e.g., GFp), persistence properties (e.g., FGp), and finally reactivity properties (e.g., 
GF p — > GFq). Notice that important classes of properties like invariants, as well as 
strong and weak fairness constraints, can be expressed. 

To prove decidability of the model-checking problem restricted to infinite runs for this 
fragment of ALTL we need some definitions. 

Given a propositional formula ip over E, we denote by [[ip]]?: the subset of E inductively 
defined as follows 

• Va G E [[a]] s = {a} 
. [H% = E \ p]] s 

• [[Vi a Hh = Ms n [Ms 

Evidently, given a Pi25" 9ft over E, a ALTL propositional formula ip and an infinite run 7r 
of 9ft we have that n G [[ip]]$t iff firstact(n) G [[V'lJs- 

Given a rule r = t—>t' G 9ft, we say that r satisfies the propositional formula ?/> if a G [[^]]s- 
We denote by AC^{ip) the set of rules in 9ft that satisfy ip. 

Now, we introduce a new temporal operator, denoted by F + , whose semantic is so defined: 
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• = {n E runsffi) \ suffix(n) PI [[</?]]» 7^ 0, and either n is finite or there 
exists a j > such that Wt > j n h £ [[<£>]]&} 

Now, we can prove the following result 

Theorem 3.1. The model-checking problem for PRSs in normal form and the fragment 
ALTL (0), restricted to infinite runs from process variables, is decidable. 

Proof. Given a PRS 9ft in normal form, a variable X and a formula </? belonging to ALTL 
fragment (JT|), we have to prove that it's decidable if 

X h»,oo (2) 
This problem is reducible to the problem of deciding if the following property is satisfied 

A. There exists an infinite run tt, with tt G runssR j00 (X) , satisfying the formula -up, i.e. 

with 7r G [[-K/)]]^. 

Pushing negation inward, and using the following logic equivalences 

• G(pi A Gip 2 = G((fi A y? 2 ) 

• -iF(pi = G~npi 

• -iGipi = F-«pi 

• F<fi = F + <p 1 V Gifyi 

• FGifi = V Gy?i (this equivalence holds for infinite runs) 
the formula -up can be written in the following disjunctive normal form 

= v ( A A A A G ( 3 ) 

where ipj, % and £ are ALTL propositional formulae. Evidently, we can restrict ourselves 
to consider a single disjunct in Q. In other words, problem in equation (J2J) is reducible to 
the problem of deciding, given a formula having the following form 

F+^x A ... A F + ^j mi A GFr/i A ... A GF Vm2 A GC 3 (4) 

if the following property is satisfied 

B. There exists an infinite run tt, with tt G runs$i t00 (X), satisfying formula (J3J). 

ipj, r/k and £ are ALTL propositional formulae 
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Let us consider the MBRS in normal form M = (dt, (dti, . . . , 3?^)) where n = mi + rri2 + 1 
and 

for alH = 1, . . . , mi = AC$t(ipi) 

for all j = 1, ... , m 2 ^/ +mi = AC^(m) 

Let K = {1, . . . , mi + 7712} and ijf w = {mi + 1, . . . , mi + 1112}. It is easy to show that 
property B is satisfied if, and only if, there exists a (K, X^-accepting infinite derivation 
in M from variable X. From decidability of Problem 2, we obtain the assertion. □ 

4 Decidability results on MBRSs in normal form 

In this section we prove the main results of the paper, namely the decidability of problems 
about derivations in MBRSs stated in subsection 13.11 Therefore, in subsection 14.11 we 
report some preliminary results on the decidability of some properties about derivations 
of parallel and sequential MBRSs which are necessary to carry out the proof of the main 
results, which are given in subsection 14.21 and 14.31 

4.1 Decidability results on parallel and sequential MBRSs 

In this section we establish simple decidability results on properties of derivations in par- 
allel and sequential MBRSs. These results are the basis for the decidability proof of the 
problems 1-2 stated in subsection 13.11 

Proposition 4.1. Given a parallel MBRS M P = (dtp, (&pi, ... 

over Var and the 

alphabet S, given two variables X, Y G Var and K e P n , it is decidable if 

1. there exists a finite derivation in of the form X t \\ Y , for some term t, with 
\o~\ > and T M (a) = K . 

2. there exists a finite derivation in dtp of the form X =>* Up £ such that T^ Mp {a) = K. 

3. there exists a finite derivation in dtp of the form X =>t Rp Y such that Y{ /p (cr) = K. 

4- there exists a (K,$) -accepting finite derivation in Mp from X. 

Proof. We exploit the decidability of the model-checking problem for ALTL and parallel 
PRSs (see prop. Q. 

For all r G dtp let us denote by label(r) the set {h E {1, . . . , n}\r G dtp h }. Let us denote 
by C the set {label(r)\r G dt P }. 

Let us consider the first problem. Starting from dtp, we build a new parallel PRS dt' P over 
the alphabet E = {Y} U (, as follows. At first, we substitute every rule r in dtp of the form 
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t-^t' with the rule t a -^ r t'. Finally, we add the rule Y^Y . The reason to add this rule is 
to allow to express reachability of variable Y as a ALTL formula. 

Now, let us assume that K ^ 0. A similar reasoning applies if K — 0. Let us indicate by 
(pi the following ALTL formula, 

F(< Y > true) f\ (?(-.(< Y > true) V < Y > (G(< Y > irue))) 

This formula is satisfied by infinite runs tt in dt' P having the form 71^2, where 7T2 contains 
only occurrences of label Y, and ~K\ doesn't contain occurrences of label Y . 
It's easy to deduce that property 1 is satisfied if, and only if, there exists a run n in dt' P 
with Ti G runsw p (X) satisfying the following ALTL formula: 

V?:=y?iA(/\ \f F(<label{r) >true))A( /\ /\ G(-> < label(r) > true)) 4 

Therefore, property 1 isn't satisfied if, and only if, W G runsw p {X) ti [[ l p\]w p , that 
is if, and only if, X \=m.' p -><P- 

Now, let us consider the second problem. Similarly to the problem above, starting from 
dtp, we build a new parallel PRS dt' P , this time on the alphabet E = Var U (, as follows. 

At first, we substitute every rule r in dtp of the form iAi' with the rule t lab ^ r \'. Finally, 

Y 

VY G Var we add the rule Y^Y. Notice that, by construction, a term t has no successor in 
dtp if, and only if, t = e. Let us indicate by (pi the following ALTL prepositional formula, 

\/ ( < y > true) V Y ( < / > trwe ) 

Y&Var Ze£ 

The negation of <pi means that no rule can be applied, in other words the system has 
terminated. 

It's easy to deduce that property 2 is satisfied if, and only if, there exists a run rc in dtp 
with it G runssn' (X) satisfying the following ALTL formula: 

tp ■= F(^v?i)A ( f\ y F{< label(r) > true)) A 

(A A G ^ < label ( r ) > true)) 

Therefore, property 2 isn't satisfied if, and only if, W G runs^ p (X) 71 ^ [|#>]]at^, that is if, 
and only if, X \=^ p -up. 



4 for all i E K if 3tp A = 0, then VreJ}£ F(< lobel{r) > true) denotes false 
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Now, let us consider the third problem. Starting from dtp, we build a new parallel PRS 
dtp over the alphabet £ = {e} U Var U (, as follows. At first, we substitute every rule r in 

dtp of the form t—>-t' with the rule f lah ^ r tf \/z g Var we add the rule Z Z. Finally, we 
add the rule F— >£. Notice that, by construction, a term t has no successor in dt' P if, and 
only if, t = e. Let us indicate by (pi the following ALTL prepositional formula, 

\J ( < Y > truej V < e > true \/\f(^<l> true ^ 

YdVar leC 

Moreover, let us indicate by (p2 the following ALTL formula, 



\j(^< I > true^j U (<£> -iipi) 



This formula is satisfied by runs in dt' P that end in e such that the last label is e, with each 
other label in (, and the last but one term is Y. 

It's easy to deduce that property 3 is satisfied if, and only if, there exists a run 7r in dt' P 
with 7r G runs^ p (X) satisfying the following ALTL formula: 

(p ■= ip 2 A ( A W F(< label(r) > true)) A 
(A A G ^ < labd (r) > true)) 

Therefore, property 3 isn't satisfied if, and only if, W G runs^' p (X) n [[(p]]$t' p -> th & t is if; 
and only if, X \=& p -xp. 

Finally, it's easy to prove the decidability of the fourth problem applying a reasoning 
similar to previous ones. □ 

Proposition 4.2. Let us consider two parallel MBRSs M Pl = (dtp, (dt Pll , . . . , dt Pin )) and 
M P2 = (dtp, (dt P2 l , . . . ,dtp\ n )) over Var and the alphabet S ; and with the same support 
dtp. Given a variable X G Var, two sets K, G P n , and a subset dt* P of dtp it's decidable 
if the following condition is satisfied: 

1. There exists a derivation in dtp of the form X =^ p such that T Mp (a) = K and 

^m p ( a ) U ^m p (°~) = ■ Moreover, either a is infinite or a contains some occur- 
rence of rule in dtp \ dt* p . 

Proof. The proof relies on the decidability of the model-checking problem for ALTL and 
parallel PRSs (see prop. 12 ,2|) . 

Let us consider the tuple (dt Pl , . . . , dt P2n+1 ) where Wi = 1, . . . ,n dt Pi = dtp i and dt Pi+n = 
dt^, and l£ 2n+1 = dtp \ dt P . 

Let us denote by S the set {{K x , K 2 ) G P n x P n \ K x U K 2 = K"}. 
Evidently, property 1 is equivalent to the following property: 
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2. There exists a derivation in -ftp of the form X 4^ such that 



^4 

2.1 \/i £ K a contains some occurrence of rule in 9ft Pi , and Vj G {1, . . . , n} \ K a 
doesn't contain occurrences of rules in dtp a. 

2.2 There exists a (K 1 ,K 2 ) G S such that Mi G ifi (resp., Vi G K 2 ) cr contains 
infinite occurrences of rules in dt Pi (resp., contains some occurrence of rule in 

dt Pi+n ), and Vj G {1, . . . , n} \ K 1 (resp., Vj G {1, . . . , n} \ if 2) cr doesn't contain 

^4 

infinite occurrences of rules in dt P j (resp., doesn't contain occurrences of rules 
in $tp :j+n ). 

2.3 Either a is infinite or a contains some occurrence of rule in $tp 2n +v 

For all r G 9?p let us denote by label(r) the set {h G {1, . . . , 2n+ 1}| r G 9?p^}. Moreover, 
let us denote by ( the set {/a6e/(r)|r G 3?p}. Now, we construct a new parallel Pi?iS 3?p 
over the alphabet ( U Var, as follows. At first, we replace every rule r in 3?p of the form 

t-^t' with the rule f lab ^ r \\ Finally, VF G Var we add the rule Y—>Y. Let us consider the 
following ALTL propositional formula, 



i\) = \J ' ( < I > trwe j 



Now, let us consider the following ALTL formula. 

^ 3 : = GF{ \j < label{r) > true) V \J F(< label(r) > (FG^ip)) 

This formula is satisfied either from infinite runs in 3?p containing infinite occurrences of 
labels associated to rules in 3?p, or runs containing some occurrence of a label associated 
to a rule belonging to 3?p \ Kp, and containing a finite number of occurrences of labels 
related to rules in 3?p. So, formula </? 3 expresses property 2.3. 
Now, let us consider the following two ALTL formulae 

tp i:= (/\ V F(< label(r) > true)) A ( /\ /\ G(-> < Za6eZ(r) > true)) 5 



V^ 2 := V ((A V CF(< /a6e/(r) > trwe)) 



A 6 



^4 

5 for all i G .fC if S P , = 0, then \/ F(< label(r) > true) denotes false 

A '* 

6 for all i € K\ if 5R P j = 0, then Vrgsjj- 4 GF(< label(r) > true) denotes false 
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( /\ /\ FG(-> < label{r) > true)) A 

ie{l,...,n}\Kl re ^. 

( /\ \/ F(< labelir) > true)) A ( f\ /\ (?(-. < Za6eZ(r) > true)) 

te ^re^, l+ „ ^{i,..,n}\^ re ^ i+n 

Evidently, formula </?i (resp., ^2) expresses property 2.1 (resp., 2.2). So, property 2 
is satisfied if, and only if, there exists a run ir in 3ftp with 7r G runs^ p (X) satisfying the 
following ALTL formula: 

:= v^i A ip 2 A y? 3 

Therefore, property 2 isn't satisfied if, and only if, W G runs^ p (X) n [[<£>]]sr p , that is if, 
and only if, X \=^ p ->(p- □ 

Now, let us give an additional notion of reachability in sequential PRSs. 

Definition 4.1. Given a sequential PRS 3ls over Var, and given X, Y G Var, we say 
that Y is reachable from X in whether there exists a term t G T \ {e} of the form 
X\.(X2.{. . . X n .{Y) . . .)) [with n possibly equals to zero) such that X =^* s t. 

Proposition 4.3. Let us consider a sequential MBRS Ms = (3?s, (9?s 1, ■ ■ ■ , 9?s n )) over 
Var and the alphabet E. Given two variables X, Y G Var and two sets K,K U G P n , it is 
decidable if 

1. Y is reachable from X in through a derivation having finite maximal K as to Ms- 

2. there exists a (K, K^)- accepting infinite derivation in Ms from X. 

Proof. The proof relies on the decidability of the model-checking problem for ALTL and 
sequential PRSs (possibly restricted to infinite runs) (see prop. 12. 3|) . 
Vr G 3^5 let us denote by label{r) the set {h G {l,...,n}|r G ^sh\- Moreover, let us 
denote by ( the set {label{r)\r G 9fts}. 

Let us consider the first problem. Starting from 9fts we build a new sequential PRS $t' s 
over the alphabet £ = {Y} U (, as follows. At first, we substitute every rule r in 9fts of the 

form t-^t' with the rule t lab ^ r t'. Finally, we add the rule Y^->Y. 
Let us indicate by tpi the following ALTL formula, 

F(< Y > true) /\ (?(-.(< Y > true) V < Y > (G(< Y > true))) 

This formula is satisfied by infinite runs tt in dt' s having the form 7Ti7T2 where 7r 2 contains 
only occurrences of label Y, and n\ doesn't contain occurrences of label Y. 
It's easy to deduce that property 1 is satisfied if, and only if, there exists a run n in $t' s 
with 71 G runs?;? (X) satisfying the following ALTL formula: 



lA ( A V F(<label{r)>true))f\( [\ f\ G{^ < label{r) > true)) 1 



i&K r&Sl^ i<£K rG8t§ si 



7 for all i G K 2 if 5Rp i+Ji = 0, then \J re ^A F{< label(r) > true) denotes false 
8 for all i 6 K if SRlf i = 0, then V r eSR£ label(r) > true) denotes false 
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Therefore, property 1 isn't satisfied if, and only if, W £ runs^ s (X) n ^ [[v]]^, that is if, 
and only if, X \=w s -"p. 

Now, let us consider the second problem. We construct a new sequential PRS dt' s over the 
alphabet ( in the following way We substitute every rule r in dts of the form t—>t' with 

label(r) 

the rule t — > t . 

It's easy to deduce that property 2 is satisfied if, and only if, there exists an infinite run 7r 
in dt' s with ir £ runssR> stOQ (X) satisfying the following ALTL formula: 

cp ■= ( /\ \/ GF(< label(r) > true)) A ( f\ f\ FG(^ < label(r) > true))A 9 



(A V F (<label(r) > true)) A(/\ /\ < Za6eZ(r) > true)) 
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Therefore, property 1 isn't satisfied if, and only if, W £ runs^' sjOC (X) n [l<p}}w s , that 
is if, and only if, X h»' s ,oo □ 

Theorem 4.1. Let us consider two parallel MBRSs M Pl = (dtp, (9£p x , . . . , dt^ n }} and 
Mp 2 = (9ftp, (3ftp 2 9ft P n )) if^/i tae same support dtp, and a sequential MBRS Ms = 
(dts, (3?5 i, ■ ■ ■ , 3^5 „))■ Given a variable X £ Var, two sets K, £ P„ ; and a subset dtp 
of dtp it's decidable if the following condition is satisfied: 

1. There exists a variable Y reachable from X in dts through a (K' , 0) -accepting deriva- 
tion in Ms with K' C and there exists a derivation Y =^* Up such that T* Mp (p) = 



m Pi ' 



K and T{ Ip (p) U T^ p (p) = K u . Moreover, either p is infinite or p contains some 
occurrence of rule in dtp \ dtp. 

Proof. Since the sets {K f £ P n \K' C K} and Var are finite, the result follows directly 
from propositions 14.21 and 14.31 □ 

Theorem 4.2. Let us consider two parallel MBRSs M Pl = (dtp, (dtp lV . . . ,dtp in )) and 
Mp 2 = (dtp, (dtp x,..., dtp n )) with the same support dtp, and a sequential MBRS Ms = 
(dts, (dts i, ■ ■ ■ , dtg n )). Given a variable X £ Var, two sets K, £ P n , and a subset dtp 
of dtp it's decidable if one of the following conditions is satisfied: 

1. There exists a variable Y reachable from X in dts through a (K 1 ', 0)- accepting deriva- 
tion in Ms with K' C K , and there exists a derivation Y =^*^ such that T^ Mp (p) = 



m Pi ' 



K and T{ Ip (p) U T^ Ip ^ (p) = K u . Moreover, either p is infinite or p contains some 
occurrence of rule in dtp \ dtp. 



for all i £ K u if = 0, then \/ reU A GF(< label{r) > true) denotes false 

e3 



10 for all % e K if Si^ = 0, then V r eSR4 F{< l^bel(r) > true) denotes false 
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2. There exists a (K, K^)- accepting infinite derivation in Ms from X . 

Proof. Since the sets {K ! G P n \K' C K} and Var are finite, the result follows directly 
from propositions 14.21 and 14.31 □ 



4.2 Decidability results on finite derivations of MBRSs in nor- 
mal form 

In this section we prove the decidability of Problem 1 stated in subsection 13. 1| that for 
clarity we recall. 

Problem 1 Given a MBRS in normal form M = (9ft, (9ft^, . . . , 3ft„)) over Var and the 
alphabet S, given a variable X G Var and a set K G P n , to decide if there exists a 
(K, 0) -accepting finite derivation in M from X. 

We show that problem 1, with input a set K G P n , can be reduced to a similar, but 
simpler, problem, that is a decidability problem on finite derivations restricted to parallel 
MBRSs. In particular, we show that it is possible to construct effectively a parallel MBRS 
Mp AR = ($tpA R , pari ^ ■ ■ ■ > ^PARn)) i n sucn a wa y that Problem 1, with input the set 
K and a variable X, is reducible to the problem of deciding if the following condition is 
satisfied: 

• There exists a (K, 0)-accepting finite derivation in Mp AR from X. 

Since this last problem is decidable (see proposition 14.1)1 . decidability of Problem 1 is 
entailed. 

Before illustrating the main idea underlying our approach, we need few additional defi- 
nitions and notations, which allows us to look more in detail at the structure of derivations 
in MBRSs in normal form. The following definition introduces the notion of level of ap- 
plication of a rule in a derivation: 

Definition 4.2. Let t =^ t' be a single-step derivation in 9ft. We say that r is applicable 
at level in t =5^ t' , if t = t\\s, t' = t\\s' (for some t,s,s' G T), and r = s— >s' ; for some 
a G E. 

We say that r is applicable at level k > in t =^ t' , if t = t\\X.(s), t' = t\\X.(s') (for 
some t, s, s 1 G T), s => u s' , and r is applicable at level k — 1 in s ^\ s'. 

The level of application of r in t =^ t' is the greatest level of applicability of r in t =^ 

t'. 

The definition above extends in the obvious way to n-step derivations and to infinite 
derivations. The next definition introduces the notion of subderivation starting from a 
term. 

Definition 4.3 (Subderivation). Lett =^*t||X.(s) be a finite or infinite derivation 
in 3ft starting from t. The set of the subderivations d' — s of d = £||X.(s) from s is 
inductively defined as follows: 
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1. if d is a null derivation or s = e, then d' is the null derivation from s; 

2. if a — ra' , and d is of the form 

t\\X.{Z) \ t\\Y 4* {with r = X.{Z)^Y and s = Z G Var) 
then d! is the null derivation from s; 

3. if a = ra' , and d is of the form 

t\\X.{s) \ t\\X.{s') 4* {with s \ s') 

then d' = s =\ s' 4* ; where s' 4* is a subderivation oft\\X.{s') ^* from s' ; 
4- if o — ra' , and d is of the form 

t\\X.{s) \ t'\\X.{s) 4* {with t \ t') 

then d! is a subderivation oft'\\X.{s) ^^from s; 

Moreover, we say that d! is a subderivation oft 4>* t||X.(s) 

Clearly, in the definition above fi is a subsequence of a. Moreover, if k is the level 
of application of a rule occurrence of [i in the derivation d then, k > 0, and the level of 
application of this occurrence in the subderivation d' = s =>-* is k! with k! < k. 

Given a sequence a = r\r 2 ■ ■ - r n . . . of rules in and a subsequence a' = r kl r k2 . . . r km . . . 
of a, a\a' denotes the sequence obtained by removing from a all and only the occurrences 
of rules in a' (namely, those r\ for which there exists a j — 1, . . . , \a'\ such that kj = i). 

In the following, M P = (^,(^,...,3^)) denotes the restriction of M to PAR 
rules, that is 3?p (resp., ?R,p i fori = 1, . . . ,n) is the set 3? (resp., 9ftf for i = 1, . . . ,n) 
restricted to the PAR rules. 



Let us sketch the main ideas at the basis of our technique. We show how it is pos- 
sible to mimic a {K, 0)-accepting finite derivation in M from a variable by using only 
PAR rules belonging to an extension of the parallel MBRS Mp, denoted by Mp AR = 
ffipARi ffipAR v ■ ■ ■ i ^paru))- More precisely, we show that 

i. if p =5>* (with p G Tpar) is a {K, 0)-accepting finite derivation in M with K C K then, 
there exists a {K, 0)-accepting finite derivation in Mp AR from p, and vice versa. 

So, let p be a {K, 0)-accepting finite derivation in M with p G Tpar and K C K. Then, 
all its possible subderivations contain all, and only, the rule occurrences in a applied at a 
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level k greater than in p If a contains only PAR rule occurrences the statement i is 
evident, since Mp AR is an extension of Mp. Otherwise, p 4>* can be written in the form: 

p A* u t\\X \t\\Y.{Z) (1) 

where r = X-^Y.(Z), A contains only occurrences of rules in dip, t G T P ar and X, Y, Z E 
Var. Let Z 4>* be a subderivation of t||F.(Z) =4>* from Z. Evidently, T^ M (p) C K. 
Moreover, only one of the following three cases may occur: 

A Z A*, leads to the term e, and p 4>* is of the form 

pA;t\\XA,t\\Y(Z)A*J\\Y^ (2) 

where p is a subsequence of lo\ and t t. The finite derivation above is (K, 0)- 
accepting if, and only if, the following finite derivation, obtained by anticipating (by 
interleaving) the application of the rules in p before the application of the rules in 
£ = iQ\ \ p, is (K, 0)-accepting 

p 4>t\\X \t\\Y.{Z) A* u t\\Y A*J\\Y ^ (3) 

Let T^(rp) = K' C K. The idea is to collapse the derivation X A u Y.(Z) 4>* F into 

a single PAR rule of the form r' = X^Y, where T{ k (r') — K' — T{ f (rp). 

Notice that in the step from (2) to (3), we exploit the fact that the property on finite 
derivations we are interested in is insensitive to permutations of rule applications 
within a derivation. Now, we can apply recursively the same reasoning to the finite 
derivation in di from t\\Y e T PAR 

t\\Y A* u t\\Y ^* (4) 
whose finite maximal as to M is contained in K. 
B Z A* R leads to a variable W , and p can be written as 

p A;t\\X \t\\Y.{Z) A*J\\Y(W) Aj\\W (5) 

where r' = Y(W)^W (with W G Var), p is a subsequence of c^i and t t. 
The finite derivation above is (K, 0)-accepting if, and only if, the following finite 
derivation is (K, 0)-accepting 

p A;t\\X \t\\Y.{Z) Alt\\Y.{W) A u t\\W A-lt\\W A* u (6) 

where £ — u\\p. Let T^(rr'p) = K' C K. The idea is to collapse the derivation X 
\ Y.{Z) Al Y(W) A s W into a single PAR rule of the form r" = X^W , where 
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? f M K (r")=K' = T' M (rr'p). 

1V1 PAR 

Now, we can apply recursively the same reasoning to the finite derivation in 3? from 
t\\ W'eT PAR 

t\\W'A*J\\W'^ (7) 
whose finite maximal as to M is contained in K. 



C In this case Z 4>* does not influence the applicability of rules in u \ p in the derivation 
t||F.(Z) =4** (i.e. the rule occurrences in p can be arbitrarily interleaved with any 

rule occurrence in u \ p). In other words, we have t =^*. Moreover, T^(rp) = K' 
with K' C K. Then, we keep track of the sequence rp by adding a new variable 

Z F (where Z F & Var) and a PAR rule of the form r' = X^Z F , where T; K Or') 

PAR 

— K' — T^(rp). Now, we can apply recursively the same reasoning to the finite 



derivation t\\Zp in 3? from the parallel term t\\Zp, whose finite maximal as to M 
is contained in K. 

The parallel MBRS M^ AR = (3?£ Ai? , (^p'ar,i, ^par,u)) is defined as follows. 

Definition 4.4. The MBRS M* AR = (&p AR , (&par,v ■ ■ ■ ^par,u)) is the least parallel 
MBRS with n accepting components, over Var U {Zp} and the alphabet E = E U P n n , 
satisfying the following properties: 

1. ^par 2 {r e 9£|r is a PAR rule} and Vi = 1, . . . , n $tpA R ,i 2 {r G 3^*| "s a PAR 
rule} 

2. Let r = X-^Y.(Z) G 3? and Z K p for some term p, with T* M 0r) = C X and 

^PAR 

^ mk W) = K 2 C K . Denoted by K' the set K\ U ^en we /iave r' = X— >Zp G 

PAR 

^ar and T f MK ^(r')=K'. 



PAR 



3. Let r = X-^Y.(Z) G 3? and Z ^* K e with T f M (r) = K x C K and T f K (a) 



— K 2 C K . Denoted by K' the set K\ U K 2 , then we have r' = X^Y G 3?p Ai? an< ^ 



^. Let r = X^Y(Z) G K, r' = y.(W)-W' G 3? and Z ^* K W with T f M (r) = 

>X PAR 

K x C X, T^(r') = K 2 C K and T{. K (a) = K 3 C K . Denoted by K' the set 

PAR 

K^^UKz, then we have r" = X^W G Uf AR and T f .. K Or") = K' 

J" DA" 



1 PAR 



5. If r = X^Y G ^par \ ^ then, X t for some term t, with \a\ > and T^ M (a) 
= K' . Moreover, ifY<E Var then t — Y. 



L let us assume that E n P n = 
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Lemma 4.1. The parallel MBRS M RAR = (^ AR , {W^' AR v . . . , 3ftpXp n )) can be effectively 
constructed. 

Proof. Figure □ reports the procedure BUILD-PARALLEL-MBRS (M,K), which, start- 
ing from MBRS M (in normal form) and a set K G P n , builds a parallel MBRS Mp = 
(3ftp, ($lpi, ■ ■ • j3?p n ))- ^From proposition 14.11 the conditions in each of the if statements 
in lines 9, 16 and 27 are decidable, therefore, the procedure is effective. 
Now, let us show that the algorithm terminates. It suffices to prove that the number of 
iterations of the repeat loop is finite. The termination condition of this loop is flag = 
false. On the other hand, at the beginning of every iteration the flag is set to false, and 

K' 

can be reset to true when a rule of the form X^Y (with X G Var, Y G Var U {Zp} and 
K' G P n ) not belonging to 3ft P is added to 3ft P (lines 11-15, 18-22 and 29-33). Since the 

K' 

set of rules of the form X—+Y with X G Var, Y G Var U {Zp} and K G P n is finite, 
termination immediately follows. 

Now, let us denote by $tp AR , (resp., $lp ARi for i = l,...,n) the set 3ftp (resp., 
!ftpj for i = l,...,n) at termination of the algorithm. Let M RAR the parallel MBRS 

(^pari (^PAKD ■ ■ ■ > ^PARn))- Since a new rule is added to 3ftp only once, it follows that 
the following property holds: 

is K' 

a. Each rule r in $lp AR \ {r G 3?|r is a PAR rule} has the form X^Y , with X G Var, 
Y G Var U {Zp} and K' G P n . Moreover, T f ,. K (r) = if'. 

Now, let us show that M RAR satisfies properties 1-5 of definition 14.41 Evidently, property 
1 is satisfied. 

Let us prove property 2. Let r = X— >Y.(Z) G 9ft and Z =>-* K p for some term p, with 

S PAB 

T-L(r) — KiQK and T{, K (a) = K 2 C K. Denoted by K' the set K l UK 2 , then we have 

PAR 

to prove that r' = X^Z F G Kp^p, and T{ K (r') = if'. From property a (notice that 

r' ^ 3ft) it suffices to prove that r' is added to 3ft p during the computation. Let us consider 
the last iteration of the repeat loop. Since any update of the sets Sftp^p^, . . . , 3ftp n (the 
flag is set to true) involves a new iteration of this loop, we deduce that in this computation 
phase 

= ^par and Mi = 1, . . . , n 3ft^ = 3?^ (1) 

and they will not be updated anymore. Now, the rule r = X-^Y.(Z) will be examined 
during an iteration of the for loop in lines 6-36. From (1) it follows that during the inner 
for loop (lines 8-23) iteration associated to K 2 , the condition of the if statement in line 
9 is satisfied. Since 3ftp cannot be updated anymore, we deduce that the condition of the 

K' * 

if statement in line 11 cannot be satisfied. Therefore, X— >Zp G 3ftp, and the assertion is 
proved. 

Following a similar reasoning we can easily prove that also properties 3 and 4 in definition 
14.41 are satisfied. 
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Algorithm BUILD-PARALLEL-MBRS(M,if ) 



1 3£p := {r r is a PAR rule}; 

2 for i = 1, . . . , n do 

3 := {r e Kf| r is a PAR rule}; 

4 repeat 

5 flag:=false; 

6 for each r = XAy(Z) G 5ft swc/i f/iai T^(r) C if do 

7 Se* if x = T f M (r) 

8 for each if 2 C A" do 

9 if Z^>* K p for some p siic/i t/iai Y^(ct) = if 2 then 

10 Sefif' = ifiUif 2 = {n,...,^|}; 

11 if X^Z F i then 

12 K P := K P U{X^Z F }; 

13 for j = l,...,|if'| do 

14 K P; .. := 3^. U {X^Z F }; 

15 flag:=true; 

16 if Z =4^ e such that T M (<r) = if 2 then 

17 Se£ P K' = K 1 UK 2 = {h,...,i\ K/ \}; 

18 if ^ Kp then 

19 K P := ^ P U{X^Y}; 

20 for j = 1,...,\K'\ do 

21 '«A,: 1-V,,. {.V /X -V}: 

22 flag:=true; 

23 done [> for 

24 for each r' = Y.(W)-^W G ft suc/t too* T^(r') C if do 

25 Se* if 2 = T^(r') 

26 for each if 3 C if do 

27 if Z% p W such that T f Mp (a) = if 3 then 

28 Set if' = ifi U if 2 U K 3 = {i u . . . , i\ K ,\}; 

29 if X%W i ft P then 

30 K P := $t P U{X^W'}; 

31 for j = l,...,|if'| do 

32 ^ := ^ U {X^W}; 

33 flag:=true; 

34 done > for 

35 done \> for 

36 done D> for 



37 until flag = false 

Figure 1: Algorithm to turn a MBRS into a parallel MBRS. 
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Now, let us prove property 5 of definition 14.41 Let r = X^->p' G Sftp^p \ ^- Therefore, 
X G Var, p' G Var U {Zp} and K' G P n . We have to prove that X t for some term t, 
with |a| > 0, T^ M (a) = K' and t — p' if G \^ar. Let us assume that r is the n-th rule 
added to 3ft p during the computation. Then, r is added to 3ft p during an iteration of the 
for loop in lines 6-36, in which a rule r of the form X— >Y.(Z) G 3ft is examined. Let Ki = 
T^(r). The proof is by induction on n. 
Base Step: n = 1. In this phase 

1. 3ftp = {r G 3ft| r is a PAR rule} and Vi = 1, . . . , n 3ft^ = {r G 3ftf | r is a PAR rule}. 

2. Vr' G 3ft P we have T{ f (r') = T f Mp (r'). 
There are three cases: 

• r is added to 3ftp in line 12. Then, p' = Zp ^ Var, and the condition of the 
if statement in line 9 is satisfied: Z=$? Up p for some p, with Y Mp (a) = K 2 and 
K' — Ki U i^2- From 1 we deduce that a is a sequence of PAR rules in 3ft. From 
2 it follows that T f M (a) = T f Mp (a). Therefore, X \ Y.(Z) Y.(p) with T f M (ra) 
— Ki U = K' , and the assertion is proved. 

• r is added to 3ftp in line 19. Then, p 1 = Y G Var, and the condition of the if 
statement in line 16 is satisfied: Z ^>* np e with T{ Ip (a) = K 2 and K' — K\ U fG- 
From 1 we deduce that a is a sequence of PAR rules in 3ft. From 2 it follows that 
T f M (a) = T f Mp (a). Therefore, X \Y.(Z) 4>* Y with T f M {ra) = K 1 UK 2 = K' , and 
the assertion is proved. 

• r is added to 3ftp by the inner for loop in lines 24-35, when a rule r' of the form 
Y.(W)-+W G 3ft is examined. Then, p' = W G Var, and r is added to 3ftp in line 30. 
So, the condition of the if statement in linea 27 is satisfied: Z =^ W with T Mp (cr) 

= K 3 and K' = KiU K 2 U K 3 , where K 2 = T^(r'). From 1 we deduce that a is a 
sequence of PAR rules in 3ft. From 2 it follows that T* M (a) = T Mp (a). Therefore, X 

4s, y.(Z) ^* y.(W) 4 W W with T^(r<rr') = K X UK 2 U K 3 = K' , and the assertion 
is proved. 

a 

Induction Step: n > 1. Let 3ftp (resp., 3ft Pi for i = 1, . . . ,n) be the set of the rules in 
3ftp A/? \ 3ft (resp., ^p>ARi \ 3ft for 2 = 1, . . . ,n) after n — 1 rules have been added to 3ftp. 
Then, in this phase we have 

• 3ft P = {r G 3ft| r is a PAR rule} U M P , and Vi = 1, . . . , n 3ft^ = {r G 3ftf | r is a PAR 
rule} U Mp ti . 

• Vf = t—*i' G 3ftp we have T Mp (r) = K. 

• Vr' G {r G 3ft | r is a PAR rule} we have T£ f (r / ) = T^ M (r'). 
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^From the inductive hypothesis, we deduce easily that the following property is satisfied 

3. If i', where t is a parallel term, then t 4>* t" for some term i", with T{ // (p) = 

T Mp (a). Moreover, if i' doesn't contain occurrences of Zp then t" = i' . 

As before, there are three cases: 

• r is added to 5ip in line 12. Then, p' = Zp ^ Var, and the condition of the if 
statement in line 9 is satisfied: Z 4^ p for some term p, with T Mp (er) = K 2 and 

K' = K 1 UK 2 . From 3 it follows that Z =^ i for some term t, with T^(p) = Tj^ (<r). 
Therefore, X K(Z) Y.(t) with T{ f (rp) = U K 2 = K\ and the assertion is 
proved. 

• r is added to 3ftp in line 19. Then, p' = Y G Var, and the condition of the if 
statement in line 16 is satisfied: Z =k? Up e with T^ Mp (a) = K 2 and K' = K\ U iT 2 . 

From 3 it follows that Z 4>* e, with T{ f (p) = T^ p (cr). Therefore, X \ Y.(Z) 4>* 
Y with Tj^(rp) = Xx U X 2 = and the assertion is proved. 

• r is added to Kp by the inner for loop in lines 24-35, when a rule r' of the form 

Y.(W)—>W' G 3? is examined. Then, p' = W G Var, and f is added to Kp in line 30. 
So, the condition of the if statement in line 27 is satisfied: Z W with T^ Mp (a) 

= K 3 and K' = K x U K 2 U if 3 , where X 2 = T{ f (r'). From 3 it follows that Z 4>; 

IV with T{ f (p) = T f Mp (a). Therefore, X 4 R 4>* V.(IV) 4 R IV with T{ 3 (rpr') 

= i^x U X 2 U K 3 = K', and the assertion is proved. 

Finally, it's easy to show that Mp AR is the least parallel MB RS over Var and the alphabet 
£ satisfying properties 1-5 of definition 14.41 □ 

Remark 4.1. By construction the following properties hold: 

• Vr G 3? n 9fc£ AH we /iave (r) = T{ f (r). 

• Vr = X^p G Sf^j \^we have (r) = X'. 

Soundness and completeness of the procedure described above is stated by the following 
theorem, whose proof is reported in appendix (section B). 

Theorem 4.3. For all X G Var there exists a (K, 0)- accepting finite derivation in M from 
X if, and only if, there exists a (X, 0)- accepting finite derivation in Mp AR from X. 

This result, together with proposition 14. 1| allow us to conclude that Problem 1, stated 
at the beginning of this section, is decidable. 
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4.3 Decidability results on infinite derivations of MBRSs in nor- 
mal form 

In this section we prove the decidability of Problem 2 stated in subsection 13.11 that for 
clarity we recall. 

Problem 2 Given a MBRS in normal form M = (9ft, (3lf, . . . , 9ft^)) over Var and the 
alphabet E ; given a variable X G Var and two sets K, K w G P n , to decide if there 
exists a (K, K^)- accepting infinite derivation in M from X. 

Let us observe that a necessary condition for the existence of a (K, i^^)-accepting in- 
finite derivation in M is that K D K u . 
The proof of decidability is by induction on \K\ + \K U \. 

Base Step: \K\ = and \K"\ = 0. Let M F = (3ft,3ft F ) be the BRS with 3ft F = (JUi^f- 
Given an infinite derivation X in 9ft from a variable X then, this derivation is (0, 0)- 
accepting in M if, and only if, it doesn't contain occurrences of accepting rules in Mp. So, 
the decidability result follows from theorem 12.11 

Inductive Step: \K\ + \K U \ > 0. From the inductive hypothesis, for each K' C K and 
K ru> q K u> with \K'\ + \K ,UJ \ < \K\ + 1^1 the result holds. In other words, it is decidable if 
there exists a (K', 7^"^)-accepting infinite derivation in M from a variable X. Starting from 
this assumption we show that problem 2, with input the sets K and K", can be reduced to 
(a combination of) two similar, but simpler, problems: the first is a decidability problem on 
infinite derivations restricted to parallel MBRSs; the second is a decidability problem on 
infinite derivations restricted to sequential MBRSs. More precisely, we show that it is possi- 
ble to construct effectively two parallel MBRSs M RA K R = (9ftp^ , (^p'ar [ A y ■ ■ ■ > ^paru")) 
and M RA K R ^ = (Sftp"^. , {^par'^v • • •■> ^pap ion)) w ^ n ^ ne same support, and a sequential 
MBRS Mg E Q = ($Is E q, ffisEQ v ■ ■ ■ > ^spq n))> ^ n sucn a wa y that Problem 2, with input 
the sets K and and a variable X G T^ar, is reducible to one of two following problems 
depending if K D K w or X = K w . 

Problem 3 (K D K u ). To decide if the following condition is satisfied: 

• There exists a variable Y G Var reachable from X in Sftfpg through a (K', 0)- 
accepting derivation in M$ E q with K' C if, and there exists a derivation y =^>* K KU 

X PAR 

such that KtKU (p) = K and T°° KtKU (p) U K K ^ (p) = . Moreover, either p 

PAR PAR M PAR,oo 

is infinite or p contains some occurrence of rule in 9ftp^ \ ^par (where Sftp^p is the 
support of the parallel MBRS M RAR defined in the previous subsection). 

Problem 4 (K = K w ). To decide if one of the following conditions is satisfied: 

• There exists a variable Y G Var reachable from X in 3ftfpQ through a (K', 0)- 
accepting derivation in M$ E q with K' C K, and there exists a derivation Y ^* K K0J 

>X PAR 
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such that k ,k^{.P) — K and T°° KiKU ,(p) U k,k^ (p) — K u ■ Moreover, either p 

M PAR PAR M PAR,oo 

is infinite or p contains some occurrence of rule in ^>'ar \ ^par- 

• There exists a (K, i^)-accepting infinite derivation in M^ E q from X. 

Since these last problems are decidable (see theorems 14.11 and 14.2)1 . decidability of 
Problem 2 is entailed. 

Before illustrating the main idea underlying our approach, we need the following defi- 
nition. 

Definition 4.5. Let us denote by ^IpARoo the set of derivations t in 3? not satisfying 
the following property: 

• There exists a subderivation oft =§>* that is a (K, K u )- accepting infinite derivation 
in M. 

In the following we use a new variable Z^, and denote by T (resp., T P ar, T SE q) the 
set of process terms (resp., the set of terms in which no sequential composition occurs, the 
set of terms in which no parallel composition occurs) over Var U {Zp, Z^} 12 . 

Let us sketch the main ideas at the basis of our technique. At first, let us focus on 
the class of derivations IIp^^, showing how it is possible to mimic a (K, ii^-accepting 
infinite derivation in M from a variable, belonging to this class, by using only PAR rules 
belonging to extensions of the parallel MBRS M RAR computed by the algorithm of lemma 
14.11 (with input M and K). More precisely, we'll show, as anticipated, that it is possible 
construct two parallel extensions of Mp AR with the same support, denoted by M PAR = 

K-^PAR J V^PAR,! ' • • • ' ^PAH.n // dllU Ivl PAR,oo ~ N^PAR > \ Jl PAR,oo,l' ' ' - ' Jl PAR,oo,n/ I l wlLI1 

^PApf 2 ^PAR,i and ^PAR,^,i n ^para = for i = 1, . . . , ra), in such way that the 
following condition holds: 

i. There exists a (K, ^K^-accepting derivation in M belonging to Upar oo °f the fo rm P 
with p e Tpar, K C K and C if, and only if, there exists a derivation p 
KK „ in $lpAR from p such that X{ K ^ (p) = K and T°° K , K » (p) U T f K KU (p) = 

MpAR PAR PAR M PAR,oo 

K . Moreover, if a is infinite then, either p is infinite or p contains some occurrence 
of rule in 9ftp^ \ ^-pari an d vice versa. 

So, let p =5>* be a (K, S^)-accepting derivation in M belonging to H p ar oo with p G 
Tpar, K C K and C Then, all its possible subderivations contain all, and only, 
the rule occurrences in a applied at a level k greater than in p =>-*. If a contains only 
PAR rule occurrences the statement i is evident, since by construction (remember that 



12 Z F is the variable used in the previous subsection for the construction of the parallel MBRS M RAR 
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^par contains all PAR rules of 3?) we have p 4>* K KU with K>KU (a) = K, T°° K <KW (cr) 

^PAR M PAR PAR 

= K and T s 

.k,k w (c) — 0- Otherwise, p =>•* can be written in the form: 

M PAR,oc 

p \t\\X \t\\Y.{Z) (1) 

where r = XAy.(Z), A contains only occurrences of PAR rules in 3ft, t G Tpar and 
X, Y,Z G Var. Let Z 4>* be a subderivation of i||F.(Z) =^>* from Z. Since p 4>* is in 
^-par oo' ^ =Nr * s no ^ a (-^j -K^)-accepting infinite derivation in M. More precisely, T^(p) 
C if, T^(p) C K w (since p is a subsequence of a) and |T{ f (p)| + |T^(p)| < \K\ + |A^|. 
Thus, only one of the following four cases may occur: 

A Z =4>* leads to the term e, and p is of the form 

p \t\\X \t\\Y.{Z) ^t\\Y mi (2) 

where p is a subsequence of U\ and t ^^f^t. The derivation above is (K, if^-accepting 
in M if, and only if, the following derivation is (K, K )-accepting in M 

p A*t\\X \t\\Y(Z) 4>t\\Y A*t\\Y ^* (3) 

where £ = u>i\p. Let us consider the derivation X =^ n Y.(Z) K where T^(rp) C K. 
From properties of Mp AR (see lemma IB .21 in appendix) there exists a derivation of 
the form 1 4>* K such that T{ ' k (rj) = T{jrp). Now, we can apply recursively 

^PAR PAR 

the same reasoning to the derivation in 3ft from t\\Y G Tpar 

t\\Y £>i\\Y (4) 

which belongs to n p ^, ^ and whose finite (resp., infinite) maximal as to M is con- 
tained in K (resp., K u ). 

B Z =^>* leads to a variable VK, and p =j>* can be written as 

p A*t\\X \t\\Y\Z) *%i\\Y.(W) ^ (5) 

where r> = Y.(W)^W (with W G Var), p is a subsequence of t^i and t =>■ * £. 
The derivation above is (if, if )-accepting if, and only if, the following derivation is 
(K, K )-accepting 

p 4* t||X \t\\Y.{Z) 4rt\\Y.(W) ^t\\W A*t\\W % (6) 

where £ = iO\ \ p. Let us consider the derivation X =^ 4>* =^ W where 

T^ M (rr'p) C if. From properties of Mp AR (see lemma lB~2l in appendix) there exists 



27 



a derivation of the form X =^>* W such that T[, K (77) = T{Jrr'p). Now, we 

R PAR PAR 

can apply recursively the same reasoning to the derivation in 3ft from t\\W' G Tpar 



t\\W r A*t\\W ^* (7) 



which belongs to IIp^^ and whose finite (resp., infinite) maximal as to M is con- 
tained in K (resp., K"). 

C Z =^>* is finite and does not influence the applicability of rule occurrences in uj \ p in 

the derivation £||Y.(Z) =>•*. In other words, we have t =^j. Moreover, Y{ f (rp) C K. 
Let us consider the finite derivation X =^ From properties of M RAR 

(see lemma IB.2I in appendix) there exists a finite derivation of the form X =^>* K p 



with p G Tpar and T{, K (77) = T M (rp). Now, we can apply recursively the same 

PAR 

reasoning to the derivation t\\p in 3ft from t\\p (where t\\p G T P ar), which belongs 
to LTp^, ^ and whose finite (resp., infinite) maximal as to M is contained in K (resp., 
K"). 

D Z =^>* is infinite. From the definition of subderivation we have t =^*. Moreover, Y{ f (p) 
= K 1 CK, T£(p) = C Ti(r) =K 2 QK, Tfi(r) = and |A^| + < 
\K\ + |A^|. From our assumptions (inductive hypothesis) it is decidable if there 
exists a {K\, iT")-accepting infinite derivation in M from variable Z. Then, we keep 
track of the infinite sequence rp by adding the new variable Z^ (where Z^ ^ Var) 

and a PAR rule of the form r' = X*'*" ' Z F with K' = K x U K 2 , T f K>K *(r') = K' 



PAR 



and T KK w (r r ) = Kf. Now, we can apply recursively the same reasoning to the 



M PAR 



M PAR,oo 



derivation t^Z^ =^in 3ft fromtHZoo (where t^Z^ G T P ar), which belongs to Tl!p ARoo 
and whose finite (resp., infinite) maximal as to M is contained in K (resp., K w ). 

In other words, all sub derivations in p are abstracted away by PAR rules not be- 
longing to 3ft, according to the intuitions given above. 

By the parallel MBRS M RAR we keep track of sub derivations of the forms A, B and C. 
In order to simulate sub derivations of the form D, we need to add additional PAR rules in 
Mp AR . The following definition provides an extension of M RAR suitable for our purposes. 

Definition 4.6. By M R f R = (3ftp^, {^ AR f, ^par,u)) and 

MpARcv = (^par ' (^PAR^i> • • • ) ^p'ar^h)) we denote the parallel MBRSs over Var U 
{Zp, Zoo} and the alphabet S U P n U P n x P n , defined by M and M RAR in the following 
way: 
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• ^PAR ~ ^PAi?U 



{X X 4 Zoo | K C K, T<r C iaere exisis a ru/e r = X A F.(Z) G 3? 
and an infinite derivation Z swca £/ia£ 
IT^^I + IT-^)! < + and 
T f M (a) U Tj, (r) = K and T^(a) = IT} 

• ^parY = ^par, U {X^^ G fi" | i eK} for alii = l,...,n 

• ^pS'^o = ^oo e Kp^Tl i G iT} for all i = 1, . . . , n 

From the inductive hypothesis on the decidability of problem 2 for sets K, G P n such 
that KCK,!^ CK" and\K\ + \T J \<\K\ + \K"\,it follows that M R f R and 
can be built effectively. Thus, the following result holds. 

Lemma 4.2. M RA K R and Mp' ARoo can be built effectively. 

Remark 4.2. By construction, the following properties hold: 

• for all r G ^ AR we have T f KKU (r) = T f K (r) and T f KKU (r) = 0. 

PAR PAR M PAR,oc 

• for all r G ^>ar n ^ we have T f KtK w(r) = T^(r) and T f K<KU (r) = 0. 

M PAR M PAR,oo 

• for all r = Z^ G we aawe K .K^{ r ) = K and K KW (r) = K*^. 

M PAR M PAR, oo 

Now, let us go back to Problem 2 and consider a (X, -fT^-accepting infinite derivation 
in M from a variable X of the form X and non belonging to np^, j00 . In this case, the 

derivation X 4>* can be written in the form X =>•* t||Y".(Z) with Z G Var, and such 
that there exists a subderivation of i||F.(Z) 4»* from Z that is a (K, K u ) -accepting infinite 
derivation in M. To manage this kind of derivation, we build, starting from the MBRSs 
M and M RAR , a sequential MBRS M$ E q according to the following definition: 

Definition 4.7. By Mg EQ = (Kfpg, ffisEQ v ■ ■ ■ > ^sJsq n)) we denote the sequential MBRS 
over Var and the alphabet S = E U P n so defined: 



{X ^> Y | X, Y G Var, K' C K and there exists a derivation X =>* K p\\Y 



K 

PAR. 



in "fopAR f or some p G T PAR , with \a\ > and T{ k (a) = K'} 

PAR 

• ^SEQ,i = {X^Y.(Z) G nf} U {X%Y G $l« EQ \i G X'} /or alii = 1, . . . , n 
Remark 4.3. By construction the following properties hold 
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• for all r G 3ft fl WtgEQ we have T{ f (r) = T m k ( r )- 

SEQ 

• for all r = X^Y G 3ftfp Q \ 3ft we have T f M g (r) = iT. 
Lemma 4.3. Mj^ Q can 6e 6m7f effectively. 

Proof. The result follows directly from the definition of Mg E Q and proposition 14.11 □ 

Soundness and completeness of the procedure described above is stated by the following 
two theorems, whose proof is reported in appendix (section C). 

Theorem 4.4. Let us assume that K ^ . Given X G Var, there exists a (K,K U )- 
accepting infinite derivation in M from X if, and only if, the following property is satisfied: 

• There exists a variable Y G Var reachable from X in Sftf^Q through a (K ',(/}) - 
accepting derivation in M^ E q with K' C K , and there exists a derivation Y K KLJ 

X PAR 

such that kk*>{p) = K an d ^Tjkk^(p) U T( kk u (p) = K u . Moreover, either p 

M PAR PAR M PAR,oc 

is infinite or p contains some occurrence of rule in 3ftp^ \ ^R-par- 



Theorem 4.5. Let us assume that K = K u . Given X G Var, there exists a (K,K W )- 
accepting infinite derivation in M from X if, and only if, one of the following properties 
is satisfied: 

1. There exists a variable Y G Var reachable from X in 3ftf E Q through a (K',0)- 
accepting derivation in M^ E q with K' C K, and there exists a derivation Y =>* K KU1 

X PAR 

such that KK ^{p) = K and T°° KJfW (p) U KKW (p) = K w . Moreover, either p 

M PAR PAR M PAR,oo 

is infinite or p contains some occurrence of rule in 3ftp^p \ 3ftpAR- 

2. There exists a (K, K")- accepting infinite derivation in Mg E q from X . 

These two results, together with theorems 14.11 and 14.21 allow us to conclude that Pro- 
blem 2, stated at the beginning of this subsection, is decidable. 
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APPENDIX 



A Definitions and simple properties 

In this section we give some definitions and deduce simple properties that will be used in 
sections B and C for the proof of theorems 4.1-4.3. 

In the following Var denotes the set of variables Var U {Zp, Z^}, T denotes the set of 
terms over Var, and Tpar (resp., T$eq) the set of terms in T not containing sequential 
(resp., parallel) composition. 

Definition A.l. The set o/subterms of a term t GT, denoted by SubTermsit) , is defined 
inductively as follows: 

• SubTerms(e) = {e} 

• SubTerms(X) = {X}, for all X G Var 

• SubTerms{X.{t)) = SubTerms(t) U {X.(t)} 7 for all X.(t) G T with t ^ e 

• SubTerms{ti\\t2) = [j^ t , v ■^ s (SubTerms{t' 1 ) U SubTerms(t' 2 )) U {ti||t2} ; 
with S = {(t' 1: t' 2 ) E T xT | t[,t' 2 ^ e and = t'Jtf,} andt u t 2 eT\{e}. 

Definition A. 2. The set of terms obtained from a term t G T substituting an occurrence 
of a subterm st of t with a term t' G T, denoted by t[st — > t'], is defined inductively as 
follows: 

• t[t -> f] = {If} 

• X.(t)[st -> t'] = {X.(s) | s G t[st -> t 1 }}, for all terms X.{t) G T with t ^ e and 
st G SubTerms{X.{t)) \ {X.(t)} 

• h\\t 2 [st -»• t'\ = {t"\\t' 2 | (t[,t' 2 ) G TxT,t[,t' 2 ^ e, t[\\t' 2 = hWh, st G SubTerms(t[), 
t" G t[[st -> t'}}, for aHt u t 2 G T \ {e} and st G SubTermsit \\t 2 ) \ {t x \\t 2 }. 

Definition A. 3. For a term t G T, the set of terms SEQ{t) is the subset of T S eq \ {^} 
defined inductively as follows: 

• SEQ(e) = 

• SEQ(X) = {X}, for all X G Var 

• SEQ(X.(t)) = {X.{t') | t' G SEQ{t)}, for all X G Var and t G T \ {e} 

• SEQihWh) = SEQih) U SEQ(t 2 ). 
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For a term t G Tseq \ {z} having the form t = Xl.(X 2 .(. . .X n .(Y) . . .)), with n > 
0, we denote the variable Y by last(t). Given two terms t,t' G T S eq \ with t = 
X X .{X 2 .{. ..X n .(Y) . . .)) and t' = X[.(X 2 .(. . . X' k .(Y') . . .)), we denote by t o t' the term 
Xi.(X 2 .(. . . X n .(X[.(X 2 .(... X' k .{Y') . . .))) . . .))• Notice that tot' is the only term in t[Y 
t'], and that the operation o on terms in Tseq \ {z} is associative. 

Proposition A.l (see [5J). The following properties hold: 

1. If t t! and t G SubTerms(s) , for some s G T , then it holds s s' for all 
s' G s[t -» t']; 

2. If t is an infinite derivation in 3? and t G SubTerms(s) , for some s G T, then it 
holds s =§>*. 

Proposition A. 2 (see |5j). Ift, t' G T S eq \ {z} such that last(t) 4>* t! , then it holds that 

1. t A* K tot'; 

2. t" o t 4>* t" o t o t' for all t" G T SEQ \ {e}. 

Lemma A.l. Let t\\X.(s) be a derivation in 3ft, and let s =>* be a subderivation of 
t\\X.(s) from s. Then, the following properties are satisfied: 

1. If s is infinite, then it holds that t =k- *. Moreover, ift\\X.(s) =§>* is in ^p'ar oo, 
then also t * is in ITp^, ^ . 

2. If s leads to e, then the derivation t||X.(s) can be written in the form 

t\\X.{s) ^*J\\X^ 

where t =>* t' with o\ G Interleaving(X, a') . Moreover, ift\\X.(s) is in IIp^^, 
there is a derivation of the form t\\X t'\\X ^* belonging to ^-p'aroc- 

3. If s leads to a term s' ^ e one of the following conditions is satisfied: 

• t °=$-£- Ift\\X.(s) is in ^p'arooj then also t ^ * is in ^p^Roo- Moreover, if 
t\\X.(s) =§>* is finite and leads to t, then t = X.(s')\\t' where t * t! . 

• s' = W G Var and the derivation t\\X.(s) =>* can be written in the form 

t\\X.(s) ^*t'\\X.(W) \t'\\W' ^* 

where r = X.(W)-^W G 9ft, and t =4»* t' with a\ G Interleaving(X,a') . More- 
over, ift\\X.(s) 4>* is in IIp^^, there is a derivation of the form t\\W 4>* 
belonging to ^paroo- 
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Proof. The assertion follows easily from the definition of subderivation. □ 

Lemma A. 2. Let p i||F.(s) with s / e and p E T P ar- Then, p =5>* t||F.(s) can be 
written in the form 

p^t'\\Z\t'\\Y.{Z')^t\\Y.{s) (1) 

with r = Z—*Y.(Z'), and 

Z' 4* s and t' 4* t (2) 
with o~2 E Interleaving (o~' 2 , c^O- Moreover, the following property is satisfied: 

A Let s be a subderivation oft\\Y.(s) from s. Then, the derivation 



subderivation oft'\\Y(Z') ^*t\\Y.(s) from Z' . 



Proof. The assertion follows easily by induction on the length of a. □ 



B Proof of Theorem 14.3 



In order to prove theorem 14.31 we need the following two lemmata IB. lfjB~2l 
Lemma B.l. Let p =>* K p'\\p" with p,p' ,p" E Tpar, p' not containing occurrences of 



PAR 



Zp and Zqo, and p" not containing occurrences of variables in Var. Then, there exists a 
t GT such that p =>£p'\\t with T^ M (p) = T^ /K (a), and \p\ > if \a\ > 0. 

Proof. The proof is by induction on \o~\. 

Base Step: \a\ =0. In this case the assertion is obvious. 

Induction Step: \o~\ > 0. In this case the derivation]? =3? K p'\\p" can be written in the 

^PAR 

form 

P ^Lk p'W \k p'Wp" with W\ < \<t\, r E ^ AR and p',p" E T PAR 

PAR PAR 

Moreover, p' doesn't contain occurrences of Zp and Z^, and p" doesn't contain occurrences 

of variables in Var. From the inductive hypothesis, there exists atET such that p 
p'ft^thT{ I (p') = T f MK (a'). 

PAR 

There are two cases: 



1. r is a PAR rule of 3?. From remark |4~T1 T( jr) = T{ k (r). Moreover, p" = p" and 

M PAR 

P' =K>k P' ■ Then, we deduce that 

P H P'ft \ P'ft with T f M (p'r) = T' (a'r), 

PAR ' PAR 

and the assertion is proved. 
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2. r £ $tpAR \ ^- There are two subcases: 

• r = X^F with 1,7 6 ^ar and if 7 £ P n . From remark O Tf. K (r) = 

PAR 

p" f 

From property 5 in the definition of Mp AR we have X =>•* Y with T M (p") = K' 
and |p"| > 0. Moreover, p" = p" and p' A , p'. Then, we deduce that p =4>-* 

p'\\t =^!jp'p with T{ f (p'p") = T{ k (cr'r), and the assertion is proved. 

• r = X^Zp with X G Var, and T, , x (r) = X'. From property 5 in the 

PAR 

p" f 

definition of Mp AR , we deduce that X =>-* t, for some term t, with T M (p") = 
T{, K (r) and \p"\ > 0. Evidently, p" = p"\\Z F and p' = p'llX. Then, we 

PAR 

deduce that p 4* p'p = p'\\X\\t 4* p'pp with T f M (p'p") = T f Mlc (a'r), and 

PAR 

the assertion is proved. 

□ 



Lemma B.2. Let p 4>* t||p' witt p,p' G T P ar and T^(er) C X. TTien, t/iere exists a 
s G Tpar suc/i t/iat p =>* K s\\p' with T^ M (a) = T{, K (p) ; and s = e if t = e. 

U PAR ' ' PAR 

Proof. The proof is by induction on the length of finite derivations p =§>* in 3? from terms 
in T PAR with T^cx) C K. 

Base Step: |a| = 0. In this case the assertion is obvious. 

Induction Step: \a\ > 0. The derivation p can be written in the form 

p\t^t\\p' (1) 
with r £ 9ft, |<t'| < |<t| and T f M (a') C X. There are two cases: 

1. r is a PAR rule. Then, we have t £ Tpar- ^From the inductive hypothesis, there 
exists a s £ Tpar such that t =>* K slip' with T {,(&') = T{, K (p'), and s = £ 
if t — e. By construction, r £ Kp Ai? . From remark T4.ll it follows that T{ f (r) = 
T J f K (r). By proposition 13.11 we obtain p K t =>* K s\\p' with T{ d (ra') = 

PAR ' ^PAR ^PAR 

T{ fK Orp'), and s — e if t = e. Hence, the assertion is proved. 

M PAR 

2. r = Z-^Y(Z') with T f M (r) C K. Then, we have p = p"||Z and t = p"\\Y.(Z'), with 

p" e Tpar- From (1), let Z' 4; £ a a subderivation of t = p"||y.(Z') 4; from Z'. 
Evidently, T^ f (A) C K. From lemma IA~T1 we can distinguish three subcases: 
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t\ 7^ e and p" °=r- A * t' . Moreover, t\\p' = t'\\Y.(ti), t' = p'\\t" for some term t", and 
t = t"\\Y.(ti). In particular, t ^ e. Since T{ f (cr' \ A) C if, from the inductive 

hypothesis there exists an s G Tpar such that p" =>* K s\\p' with T{, / (cr / \ A) 

* X PAR 

= T m k (p')- Moreover, since T^(A) C if, from the inductive hypothesis we 
have that Z' =>* K p for some p G Tpar, with T{ k (p") = Y;L(A). Since 

U PAR PAR, 

T m k (p") — Tj^(A) C if and T^ M (r) C if, from property 2 in the definition 

of Mf AR we deduce that r' = Z^Z F G 3?f Ai? with if' = T f M (X) U T f M (r) 
and T{ k (r) = if'. Then, by proposition 13. II we have p = p"\\Z =^> p"\\Z F 

PAR ' ' ^PAR 

k s \\p'\\Zf with T{ k Or' ' p') = Y;L(rA(<7' \ A)) = T{ Ja), and the assertion 

W PAi? PAR 

is proved. 

t\ = e and the derivation p"\\Y.(Z') i||p' can be written in the form 
p"\\Y.(Z') ^* t'\\Y t\\p' with p" % t', and a x G Interleaving^ a[) (2) 

Now, Z' =>■* e with |A| < |<r| and T^ f (A) C if. From the inductive hypothesis, 
we have Z' 4>* £ such that T{ f (A) = T{ k (p). From property 3 in the 

^PAR PAR 

definition of M RAR it follows that r' = Z^Y G ^ AR where if' = T f M {r) U 
T{ rK (p) and T{ rK Or') = if'. Now, we have p"\\Y 4i t'llF ^* tllp' with 

M PAR K ' M PAR y ' ^ II K II M 1^ 

T{ f (cr^(T2) C if and |o"^a 2 | < |cr|. From the inductive hypothesis, there exists a 
s G Tpar such that p"||F =>-* K s\\p', with T{ k (p') = T^ M {a' l a 2 ), and s = e 

^■PAR PAR 

r' 

if t — £. After all, considering proposition 13. 1| we have p = p \\Z =^ K p"\\Y 

X PAR 

=>* K s\\p' with T{ f (r'p / ) = T{ { (rAo^c^) = T{j(cr), and s = £ if t — e. So, the 

31 PAR 

assertion is proved. 

t 1 = W G ^ar and the derivation p"\\Y.(Z') =^-* t\\p' can be written in the form 

p"\\Y.(Z') %t'\\Y.{W) ^J\\W ^t\\p> (3) 
with p" 5^ r' = and o x G Interleaving (X, a[) (4) 

Now, Z' =>•* W with |A| < [ cr j and T^-(A) C if. From the inductive hypothesis, 
we have Z' =?-* K W such that TlAX) = T{ k (p). From property 4 in the 

iR PAR ' PAR 

definition of M RAR , considering that r = Z^Y.(Z') G 9£ and r' = Y.(W)-^W G 



3? with T^(r) C if and T f M (r') C if, it follows that r" = Z^VT' G 



where if' = T f M (rr') U T{, K (p) and T f .. K (r") = if'. Now, we have p"\\W 

PAR PAR 
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t'\\W ^* t||p' with T f M {a[a 2 ) Q K and \a[a 2 \ < \a\. From the inductive 

pi i 
hypothesis there exists as 6 Tpar such that p" \\ W =>•* „ s k» , with rK (p') 

= Tj^(a[a2), and s = e if t — e. After all, considering proposition 13.11 we 
obtain p = p"\\Z 4 K p"\\W'4? K S |b'withX^ (r"p') = T f M (rr'Xa[a 2 ) 

X PAR X PAR 1V1 PAR 

= T* M (a), and s = e if t — e. So, the assertion is proved. 



□ 

At this point, theorem 14.31 follows directly from lemmata IB. lfJBT2l 



C Proof of Theorems 14.41 and 14.5 



In order to prove theorems 14.41 and 14.51 we need the following lemmata IC.lHC.7l 

To prove lemma 1(121 we use a mapping for coding pairs of integers by single integers. 
In particular, we consider the following bijective mapping from N x N to N, that is a 
primitive recursive function [Oj 

< >: (x, y) E N x iV -> 2 x (2y + 1) - 1 

Let £ (resp. p) be the first component (resp. the second component) of < > _1 . The 
following properties are satisfied: 

1. Vx, y G iV £(<x, y>) = x and p(<x, y>) = y. 

2. \/z E N <£(z),p{z)> = z. 

3. Vz E N £{z),p{z) < z. 

4. Vz, z' E N if z > z' and £(z) = i(z') then p(z) > p(z'). 

Now, we introduce a new function next : N x N N x N defined by primitive recursion 
in the following way 

next(x, 0) = (x, 0) 

(W, p{v) + 1) if next(x, y) = (£(y), p(y)) 
next(x,y) otherwise 

For all x,y E N let us denote by next x (y) the second component of next(x,y). The 
following lemma establishes some properties of next. 

Lemma C.l. The function next satisfies the following properties: 

1. Vx, y E N if y < x then next(x, y) = (x, 0). 

2. Vx,y E N next(x,y) = (x,z XiV ) for some z X)V E N. 



next(x, y + 1) 
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3. \/x,y E N next x (y) < next x (y + 1). 

4- Let x,yi,y 2 E iV with next x (yi) < next x (y 2 ). Then, there exists a k E N such that 
next(x, k) = (£(k), p{k)), p(k) = next x (y 2 ) — 1 and y 1 < k < y 2 

5. \/x,n G N there exists ay G iV such that next(x,y) = (x,n). 

6. Vx E N next(£(x),x) = (£(x), p(x)). 

7. \/x,i E N if i ^ £{x) then next(i,x + 1) = next(i,x). 

Proof. At first, let us consider property 1. We prove it by induction on y. By construction, 
for y = we have next(x, 0) = (x, 0). 

Now, let < y < x. From the inductive hypothesis next(x,y — 1) = (x, 0). So, it suffices 
to prove that next(x,y) = next(x,y — 1). By absurd, let us assume that next(x,y) 7^ 
next(x,y — 1). Then, by construction we have next(x,y — 1) = (£(y — 1), p{y — 1)) and 
next(x, y) = (£(y — 1), p(y — 1 ) + f ). Therefore, x = £{y — 1). But, x > y — 1 > £{y — 1). 
So, we obtain an absurd. 

Now, let us consider property 2. We prove it by induction on y. By construction, for y = 
we have next(x, 0) = (x, 0). 

Now, let y > 0. From the inductive hypothesis next(x,y — 1) = (x, m) for some m E N. 
Now, by construction either next(x, y) = next(x, y — 1) = (x, m) or next(x, y) = (x,m+l). 
In both cases the assertion is satisfied. 

Now, let us consider property 3. By construction, Vx, y E N either next x (y + 1) = next x (y) 
or next x (y + 1) = next x (y) + 1. So, the assertion is satisfied. 

Now, let us consider property 4. From property 3 y\ < y 2 . The proof is by induction 
on y 2 - yi. 

Base Step: y 2 — y 1 = 1. So, y 2 = y\ + 1. From hypothesis next(x,yi) 7^ next(x,y 2 ). 
Therefore, by construction we deduce that next(x,yi) = (£(yi), p(yi)) and next(x,y 2 ) = 
(£(yi), + So, setting k — y± we have next(x, k) = (£(k), p(k)), p(k) = next x (y 2 ) — l 
and yi < k < y 2 . The assertion is proved. 

Induction Step: y 2 — y± > 1. From property 3 there are two cases: 

• next x (y 2 - 1) = next x (y 2 ). So, next x {y x ) < next x (y 2 - 1). Since (y 2 - 1) - y x < 
2/2 — yi, from the inductive hypothesis there exists a k E N such that next(x, k) = 
(£(k), p(k)), p(k) = next x (y 2 — 1) — 1 and y± < k < y 2 — 1. Since next x (y 2 — 1) = 
next x (y 2 ) we obtain the assertion. 

• next x (y 2 — 1) < next x (y 2 ). We reason as in the base step. 

Now, let us consider property 5. The proof is by induction on n. By construction, for 
n = we have next(x, 0) = (x, 0). So, in this case the assertion is satisfied. Now, let n > 0. 
From the inductive hypothesis there exists ay E N such that next(x, y) = (x, n— 1). From 
property 4, we deduce that it suffices to prove that there exists a m > n — 1 such that 
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next(x, z) = (x, m) for some z G N. By absurd we assume that this property isn't satisfied. 
From property 2 and 3, we deduce that 

Wz > y next(x, z) — (x, n — 1) (1) 

Let k = <x, n — l>. Then, x = £{k) and n — 1 = p(k). There are two cases: 

• k > y. From (1) we have next(x,k) = (£(k),p(k)). By construction, we obtain 
next(x, k + 1) = (£(k), p(k) + 1) = (x,n) in contrast with (1). 

• k < y. Now, next(x, k) = (£(k),n). From property 3, it follows that n < p(k). There 
are two subcases: 

- n — p(k). So, next(x, k) = (£(k), p{k)). By construction, we obtain next(x, k + 
1) = (£(k), p(k) + l) = (x, n). So, we have k + 1 < y and next x (k + l) > next x (y) 
in contrast with property 3. 

- n < p(k). In other words, we have k < y and next x (k) < next x (y) = p(k). 
From property 4, there exists a k! > k such that next(x, k') = {£{k f ), p{k')) and 
p(k') = next x (y) — 1 = p(k) — 1. From property 2, £{k') = x. So, we have 
£{k) = £(k'), k! > k and p(k') < p{k). This is in contradiction with properties 
of p and £. 

Now, let us consider property 6. Let x G N. So, x = <£(x),p(x)>. From prop- 
erty 5 there exist two integers y,z G iV such that next(£(x),y) = (£(x),p(x) + 1) and 
next(£(x), z) = (£(x),p(x)) where y > z. Since nexte( x ) is crescent there exists the 
greatest z such that next(£(x),z) = (£(x),p(x)). In particular, next(£(x),z + 1) ^ 
next(£(x),z). /From definition of next it follows that next(£(x), z) = (£(z), p(z)). There- 
fore, (£(x), p(x)) = (£(z), p(z)). From this we deduce that z — x, and the assertion is 
proved. 

Finally, let us consider property 7. Let x,i E N with i ^ £(x). By absurd let us assume 
that next(i,x + 1) ^ next(i,x). Then, by construction next(i,x) = (£(x),p(x)). From 
property 2 we obtain i = £(x), an absurd. □ 

Now, we give the notion of Interleaving of a succession of rule sequences in a PRS 3?. 
To formalize this concept and facilitate the proof of some connected results, we redefine 
the notion of sequence rule. Precisely, a sequence rule in 9ft can be seen as a mapping 
o : N' — > 3ft where N' can be a generic subset of N. In particular, this facilitates the 
formalization of the notion of subsequence. A rule sequence a' : N" — > 3ft is a subsequence 
of a : N' -> 3ft iff N" C N' and a' = <r\ N », that is a' is the restriction of a to set N" . 
Given a rule sequence a : N' — > 3ft, we denote by pr(a) the set N'. 
Given a set N', subset of N, we denote by min(N') the smallest element of N'. 
Finally, given two rule sequences a and a', we say that they are disjoint if pr(a)r\pr(a') = 0. 

Definition C.l. Let {ph}heN be a succession of rule sequences in a PRS 3ft. The Inter- 
leaving of {ph}h£N, denoted by Interleaving({ph}) , is the set of rule sequences a in 3ft such 
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that there exists an injective mapping M a : U heN {{h} x pr{Ph)) ~^ N {depending on a) 
satisfying the following properties {where A is the set \J h( z N {{h} x pr{Ph))) 

• V7i G N Vn,n' G pr(p fe ) with n < n' then M a {h,n) < M a {h,n'). 

• pr{a) = M CT (A). 

• V(h,n) G A we have a{M a {h,n)) = Ph{n). 

Proposition C.l. Let M = (3?, (3t^, . . . , 3?^)) fee a MBRS and /et {cr/J/iew fee a succession 
of rule sequences in 3?. Then, W G Interleaving {{a h }) we have 

1. T f M {n) = U e jv T MK)- 

2. T-(tt) = U fc6JV TSK) U 0, 6JV T{ f ( ( 7 ft ). 

Proof. We prove property 2. In similar way it's possible to prove property 1. Let A = 
{j h&N {{h} x pr(<j/ l )). ^From hypothesis there exists an injective mapping M n : A — > iV 
such that pr(vr) = M 7r (A), and for all (/i, fc) G A n{M n {h, k)) = o~ h {k). 
Let i G {!,..., n}. We have to prove that 



gT-(tt) & i G |J T mK) U 0Ti((7 fc ) 



heN h&N 

(=>■). Let « GT^(7r). So, 7r contains infinite occurrences of a rule r G 3?^. Therefore, the 
set {k G M 7r (A)| 7r(fc) = r} is infinite. Then, the set {{h, k) G A| ah(k) = r} is infinite. 
There are two cases: 

• 3h <E N such that the set {j G pr{a h )\ cr h {i) = r} is infinite. Therefore, i G T^(<T/j) 

• The set {/i G iV| er^ contains some occurrence of r} is infinite. Therefore, i G 
©/ieJV^M(°Vi)- 

In both cases the result holds. 

Let i G U^a^mM u ©fceiv T M (°>0- There are two cases: 

• 3h G iV such that i G T^(cr ft ). Since M n is injective, the set {k G M 7r (A)| 7r(fc) G 3%*} 
is infinite. So, i eT^{tt). 

• The set {h G iV| cr^ contains some occurrence of a rule in dtf } is infinite. Since M n 
is injective, it follows that i GT^(7r). 

□ 

Lemma C.2. Let p =^* K k" with p G Tp^p. Then, there exists in 3? a derivation from p 

U PAR 



of the form p suc/i too* Tj^(<J) = T' K ^ (a) and T<^(5) = T~ KW {a) U T T k ,k*> (o")- 

PAR 1VI PAR M PAR,oc 

Moreover, if o is infinite or contains some occurrence of rule in 3?p^ \ 3?p Ai? then, 5 is 
infinite. 
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Proof. For the proof we use the following property 

A. Let p'Wp"^-* k ~ w with p',p" G Tpar and p" not containing variables in Var. Then p' 



Property A follows easily from the observation that the left-hand side of each rule in ^p'ar 
doesn't contain occurrences of Z F and Z^. 

Let A be the subsequence of a containing all, and only, the occurrences of rules in ^p'ar \ 
^par- Let us assume that A is infinite. In similar way we reason if A is finite. Now, 
A = r Q rir 2 . . ., where Wh G N G 9ftpAp \ ^par- Moreover, a can be written in the 
form Po r oPi r iP2 r 2 • • where a \ A = P0P1P2 • • • and Wh G iV p h is a rule sequence (possibly 
empty) in Kp^p. For all h G iV we denote by a 71 the suffix of o Ph r hPh+i r h+i 
Now, we prove that there exists a succession of terms in T P ar, (Ph)heN, a succession of 
variables (X h ) h( z N and a succession of terms (th)heN such that: 

i. p = p. 

ii. Wh e N p h "" 



r tC,K u 
*PAR 



iii. V7i £ N ph ^p h+ i\\th\\X h with T^(^) = Tt^ph). 

1V1 PAR 

iv. Whe N X h ^* with 7r h infinite, T{ f (7r /l ) = T{ K>JCW (r ft ) and T^(7r fe ) = T{ kku (r h ). 

PAR M PAR,oo 

Setting p = p, property ii is satisfied for h — 0. So, let us assume that the statement 
is true Wh — 0, . . . , k. Then, it suffices to prove that 



B. there exists a Pk+i G Tpar, a term t k and a variable such that pk Pk+i\\tk\\Xk, 
Pfc+i =^ *x.jr« ' an d =£ R with 7Tfc infinite. Moreover, Y M (r/k) = T K tKW 

X PAR PAR 

= T f M K,K^ (r k ) and T^{7i k ) = T f K>KU (r k ). 

PAR PAR, 00 

I From the inductive hypothesis we have pk =>* K „ u ■ The derivation pp. =>•* „ w can be 

PAR PAR 

written in the form 

Pk ^ KKU p'\\p"\\X^ KKU p'\\p"\\Z 00 

PAR ^PAR PAR 



where = X with X G V^ar and X', X /a; G P n . Moreover, p' doesn't contain 

occurrences of Zp and Z^, and p" doesn't contain occurrences of variables in Var. From 
the definition of ^p'ar we have X =£* with 7r fc infinite, T{ f (7r fc ) = K' and Y^(7r fc ) = K ,u) . 
From remark [Ol we have KK u(rk) = K' and KKW (r^) = i^. From property A it 



MpAR " ^ PAR, ca 



T fe+1 



follows that p' "=$■ ^ x . Since pk is a rule sequence in Kp^p, from lemma IB.ll it follows 
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that pk =$tp'\\t\\X for some term t and Y = T{ k (pk)- From remark l4~2l we deduce 

M PAR 

that T^ M {r]k) = K ,K^(Pk)- Setting pk+i = p', tk = t and Xk = t we obtain that property 

M PAR 

B is satisfied. 

Thus, properties i-iv are satisfied. Now, let us consider V/i G N the infinite derivation X^ 
It can be written in the form 



r{h,o) r ( u] 

S(h,0) ^ S S(M) =^ „ 5(^,2) ••• (1J 

where S(h,o) = Xh and \/k <E N r^,k) G 9ft- For all /c G iV we denote by the rule r^k),p(k))- 
For all h,k £ N we denote by Sh{k) the term s nex t(h,k)- Now, we show that V& G iV the 
following result holds 

p fc+ . 1 ||tb||...||t fc ||ao(*)||si(*)||...||a*(*) ^ 
Pfc+2||to||. • .||*fc||tfc+i||s (A; + l)||si(A; + 1)||. - .\\s k+ i{k + 1) (2) 

Since Wk £ N Sk(k) = s nex t(k,k), from property 1 of lemma RTT1 it follows that Sk(k) = 
S(k,o) — Xk. From iii we deduce that 

Pfc+i||*o||...||<*||so(A:)||s 1 (A;)||...||s fc (A;) 
PA+alMI- • .||tfc||tfc+i||so(fe)||*i(A;)||. • .||s fc (A;)||sfc + i(A; + 1) (3) 

So, to obtain (2) it suffices to prove that 

s (A;)||si(A;)||. . .\\s k {k) \ s (k + l)\\ Sl (k + 1)||. . .|| Sfc (A; + 1) (4) 

I From property 6 of lemma lC. II Vfc G N next(£(k) , k) = (£(k),p(k)). Moreover, next(£(k),k+ 

1) = (£(k),p(k) + l). Therefore, we have s m {k) = s^ k ), P (k)) \ S(e(k), P (k)+i) = 1). 
From property 7 of lemma RTT1 Vi ^ £{k) next(i,k + 1) = next(i,k). So, Wi ^ £{k) 
Si(k + 1) = Si(k). Since £{k) < k, we obtain evidently (4). So, (2) is satisfied Wk G N. 
Moreover, since s (0) — X , we have 

P = Po^Pi\\to\\s (0) (5) 

Setting 5 = ^o^i^o^^i^s^ • • •> from (2) and (5) we obtain that p =4-* with 5 infinite. So, to 
obtain the assertion it remains to prove that T^(S) = T^ fK K ^ (a) and T^(<5) = T^ K K ^ (a) 



PAR 



U T J . K , K ui (er). Let /i — rorir2.... Let us observe that fi G I interleaving ({vr^}). From 

M PAR, oo 

iii-iv, propositions 13.11 and IC.l( and remembering that a = po r oPiTi ■ ■ -, we obtain 



/iGTV fceJV PAR h£N 
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^From remark [Ol Vr G ^par Y k,k* ( r ) = 0- Remembering that A = ror\r 2 ■ ■ ., from 

M PAR,oo 

iii-iv and propositions 13.11 10. II we obtain 



= ©T&ifo) U TS(ai) = ©T^Cpfc) U |J t mK) U 0T^(tt,) 

/i£iV h£N PAR h£N h£N 

T™ K , K „(a\\) U \jT f (r h ) U 0T{ (r h ) = 

PAR W M PAR,oo PAR 

heN heN 

T™ K , K »(a\A) U T' (a) U TjJ w (A) = TJ w (a) U T' (a). 



1 PAR ' M PAR,oo M PAR M PAR ' M PAR,oo 

This concludes the proof. □ 

Lemma C.3. Let t, t' G Tseq o,nd s be any term in T such that t G SEQ(s) . The following 
results hold 

1. If t => K t' , then there exists a s' G T with t' G SEQ(s') such that s s', with 
T f M (a) = T f K (r) and \a\ > 0. 

M SEQ 



2. Ift K f with t ^ e, then there exists a s' G T with t' G SEQ(s') such that s =4>* 
s', with Tj^(p) = T* mK (a), and \p\ > if \o~\ > 0. 



M SEQ 



3. Ift =$■* K is a (K, K^) -accepting infinite derivation in M$ E q from t G Tseq, th 



en 



SEQ 



there exists a (K, K^) -accepting infinite derivation in M from s. 

Proof. At first, we prove property 1. We use the following properties, whose proof is 
immediate. Let t G SEQ(s), s G T and t = X 1 .(X 2 .{. . . X n .(Y) . . .)), with n > 0. Then 

A. if st G Tseq \ {z} and t' = X\.(X 2 .(. . . X n .(st) ...)), then there exists a s' G s[Y — > st] 

(notice that Y is a subterm of s) such that t' G SEQ(s'). 

B. if Z G Var, st' G T and st = st'\\Z, then there exists a s' G s[Y — > st] such that 

X 1 .(X 2 .(...X n .(Z)...))eSEQ(s>). 

We can, now, distinguish the following two cases: 

• r = Y —tZi.iZz) G 3?. From remark 14.31 T M (r) = T{ k (r). Moreover, t = 

SEQ 

X 1 .(X 2 .(. . . X n .(Y) . . .)) and t' = X l .(X 2 .(. . . X n .{Z X .{Z 2 )) . . .)). Let s G T be such 
that t G SEQ(s). From A above, there exists a s' G s[Y — ► Zi.(Z 2 )] such that 
£' G SEQ(s'). Since F =^ Zi.(Z 2 ), by proposition IA.1I it follows that s =^ s', and 
the thesis is proved. 
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• r = Y^Z with Y. Z G Var and T{, K (r) = K' . Moreover, t = X X XX 2 .{. . . 

SEQ 

X n .(Y) . . .)) and £' = X 1 .(X 2 .(. ..X n .(Z) . . .)). From the definition of &% EQ there 
exists a derivation in ^Stp^ R of the form Y =>-* K p\\Z for some p G Tpar, with 

X PAR 

T \. K (a) = T{ k (r) and \a\ > 0. From lemma IBTTI there exists a term st such that 

M PAR SEQ 

Y 4>* st\\Z with T f M (p) = T f M K A Jcr) and \p\ > 0. So, T^(p) = (r). Let s G T 

be such that £ G SEQ(s). From property B above, there exists a s' G s[Y — > st\\Z] 
such that £' G SEQ(s'). Since K s£||Z, by proposition IA. II we conclude that s 4>* 
s' with \p\ > 0. Hence, the thesis. 

Property 2 can be easily proved by induction on the length of a, and using property 1. It 
remains to prove property 3. The infinite derivation £ K can be written in the form 

U SEQ 

t(l =r- „ £l „ to ^ • • • 

SEQ SEQ SEQ 

where t = t and \/i E N E ^-seq- Let s G T such that £ G SEQ(s). From property 1 

there exists a s x G T with £ x G SEQ(si) such that s s x with T{ / (A ) = ^M SBQif ( r o) 
and | Aq I > 0. Iterating such reasoning we deduce that there exists a succession of terms, 
(sh)heN, such that for all h G iV 

Sh % s/j+i with T f M (\ h ) = T f K (r h ), \\ h \ > and s = s. 

SEQ 

Therefore, 

S = So % Si . . S h % Sft+i . . . 

Let p = A AiA 2 .... So, s 4>* is an infinite derivation in 3? from s with £ G SEQ(s). 
Moreover, by proposition 13 . II we obtain 

r f M (p) = U t m( a ») = U T k >) = T k>) = 

T5(P) = © T^CAfc) = T' (r A ) = T£ f (<r) = 

This proves the thesis. □ 

Proposition C.2. Let a be a rule sequence in 3? and {ph}heN be a succession of sub- 
sequences of a two by two disjoints and such that {J heN pr(ph) = pr(a). Then, a G 
Interleaving ({ph}) ■ 

Proof. Setting A = {J heN ({h} x pr(ph)), let us consider the following mapping 

M a : (h, n) G A -> n 
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Since for all h,h' G N with h ^ hi we have pr(ph) D pr(ph') = 0, it follows that M^ is 
an injective mapping. Let us observe that M a (h,ni) < M a (h, r^) if rii < ri2- Moreover, 
pr(o~) = Mo- (A), and V(/i, n) G A we have o~(M a (h,n)) = o~{n) = ph{n). From definition 
1(111 we obtain the assertion. □ 

Lemma C.4. Let p 4>* fee a (K ,1^)- accepting non-null derivation in M belonging to 
HpAR oo; p G Tpar, K C. K and K w C K"'. TTien, t/iere exzsfo a derivation p =>* K KUJ 

®PAR 

in ^p'ar from p such that 

b T^WUT^ (p) =ir 

PAR PAR, oo 

c If a is infinite then, either p is infinite or p contains some occurrence of rule in ^p'ar \ 

•"■PAR- 

Proof. At first, let us prove the following property 

d There exists a p' G Tpar, a non empty finite rule sequence A in ^>ar > an d a non empty 
subsequence rj (possibly infinite) of cr such that: 

1. min(pr(r])) = min(pr(o~)) (i.e. the first rule occurrence in rj is the first rule 
occurrence in a). 

2- P ^* P' 



3. T f .(A) = T{M 

PAR 

4- T( (A) = T5(i7) 

5. p' =^*, and this derivation is in ILp*^^. 

6. If a is infinite then, either a \ r] is infinite or A is a rule in 3?p^j \ ^par- 

Now, let us show that from property d the thesis follows. So, let us assume that 
property d is satisfied. Since a \ r\ is a subsequence of a, we have Tj^ (a \rj) C. K and 

T^(cr \T]) C. K u . Thus, if a ^ rj we can apply property d to the derivation p' =^*. Iterating 
this reasoning it follows that there exists am G iVU {oo}, a succession {phYh=l of terms 
in Tpar, a succession {Ah}£L of non empty finite rule sequences in 9ftp^ , two successions 
{ah}h= and {rjh}™ =0 of non empty rule sequences in 5i such that 

7. p = po and a = a - 

8. for all h — 0, . . . , m rjh is a subsequence of ah and min(pr(rjh)) = min(pr(ah))- 

9. for all /i = 0, . . . , m - 1 a h+1 = cr h \ r] h . 
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10. 


for all fa = 


0,.. 


. , m 


Vh K,K^ Ph+V 
X PAR 


11. 


for all fa = 


0,.. 


. , m 


Y f K, K "(h) = Y f M (Vh) and T f k,k» (h) = ^m(Vh) 

1V1 PAR IV1 PAR,oo 


12. 


for all fa = 


1,.. 


. , m 


Vh % 



13. If m is finite then, a m = r] m . 

14. If a is infinite then, either m is infinite or there exists an fa such that A^ is a rule in 

•n-PAR \ ^PAR- 

By setting p = AoAi ... we have that p KKU • From property 14 it follows that if a is 

^p'ar 

infinite then, either p is infinite or p contains some occurrence of rule in ^p AR \ ^par- 
So, property c is satisfied. It remains to prove properties a and b. Let us assume that 
m = oo. The proof in the case where m is finite is simpler. From properties 7-9 r] , rji, . . . 
are non empty subsequences of a two by two disjoints. Since a is infinite, we can assume 
that pr(a) = N. Now, let us show that 

15. cr g Interleaving ({rjh}) 



^From proposition IC.2I it suffices to prove that Vfa G N there exists a i G N such that 
fa G pr(r]i). From properties 8-9 it follows that Vfa G N min(pr(af l )) < min(pr(<Jh+i))- 
Let fa G N, then there exists the smallest i G iV such that fa ^ pr(<Ji). Since cr — °"> 
i > and fa G pr(<7j_i). Since <7i = <7j_i \ r/j_i, fa ^ pr(ai) and fa G pr(o"j_i), it follow that 
fa G pr(i]i^i). Thus, property 15 holds. 

^From properties 11, 15, and propositions 13. II and 10. lj it follows that 

he* PAR h^N 
Therefore, property a holds. Moreover, 

r^(p) u t' ( P ) = 0t' (A,) u \Jr f (\ h ) = 

PAR M PAR,oc PAR ,^< r M PAR,oc 

heN heN 

0T^M U = T-(a) = IT. 

hew fteiv 

Therefore, property b is satisfied. 

At this point, it remains to prove property d. The derivation p =>■* can be written in the 
form 

P\t^x (!) 

Since each subderivation of t is also a subderivation of p =§>•*, it follows that t =>£ is in 
^faroo- There are two cases: 
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r is a PAR rule. Then, we have that t G Tpar and r G ^p'ar ■ From remark 07 
T f .(r) = T f M (r), and T f u (r) = = T£(r). Moreover, t 4* is in ng^ 

JW PAP iu PAP,oo 

with a' = a\r. Thus, since a' is infinite if a is infinite, property d follows, setting 
p' = t, X = r and n — r. 



r = Z^Y.(Z'). So, p = p"\\Z and t = p"\\Y.{Z') with p" G T PAi? . From (1), let Z' ^* 

a subderivation of t = j/'H Y^-Z 7 ) =^>* from Z' . From lemma lA.ll we can distinguish 
four subcases: 



Z' 4>* is infinite, and p" CT =^*. Moreover, p" °=¥n is in ^p^Roo- Clearly, for every 

p G Tpar we have that p"\\p < =4^, and this derivation belongs to np^ oc . From 
hypothesis, we have that (T^O),T~(») ^ {K,K W ), T f M {v) C if and T^(V) 
C Hence, |T^(z/)| + |T~(z/)| < |if| + |i^|. Moreover, r = ZAY.(Z') with 

T{^(r) C K. From the definition of ^par , it follows that r' = Z —> 1 Z OQ G 

^par \^pa/j where Ki = T m0) u T (/( r ) and #i = T m( z/ )- From remark l4~2l 
we have that KiK uj(r') = K\ and KKU (r') = Kf. Therefore, we deduce 

M PAR M PAR, oo 

that p = p"\\Z K KU p" 1 1 Zqo. Moreover, p'^lZ^ ^=^* and this derivation is in 

^PAP 

n pS»- Since a ' \ v = a \ rv and T { f ^ ( r ') = T m0) = t m(H> property 

J "PAP,oo 

d follows, setting p' = p'^Z^, X = r' and 77 = rv. 

Z' =^-* leads to a term t\ ^ e, and p" °=3?x- Moreover, p" c =^'* is in IIp^ 00 . Since 
where T{ Jf (7) = T{ 7 (z/). Since T[ 4 (r) C if, from the definition of SRf AR it 

PAR 



Ym{v) Q K, from lemma fTT~2l there exists a p G such that Z' =^ K p, 



follows that r' = Z^Z F G ®% AR with (r') = K', where if' = T f M (ru). By 



PAP 

construction r' G 3?p^ , and from remark I4~21 T^ K ^ (r') = K' and K KW (r') 

M PAR M PAR, 00 

= 0. Since a' \ v — a \ rv, K KW (r') = = T^(r^), and a' \ v is infinite if 

A:f PAP,oo 

cr is infinite, property d follows, setting p' = p"\\Zp, X = r' and rj = rv. 
Z' =^>* leads to e and the derivation p"\\Y.(Z') can be written in the following 



V 

form 



p"\\Y.(Z') t'\\Y ^* with p" 5>* t' and 01 G Interleaving^, a[) (2) 

Moreover, t'\\Y 3-* and this derivation is in Ilp^^. Since Z' =^>* e 

and T{ // (z/) C K, from lemma lB~2l 4>* „ e with T{ x (%) = TL(z/). Since 

S PAP M PAR 

r = Z-^Y.(Z') with T{ /f (r) C iT, from the definition of ^-par it follows that 
r' = G Kp^p where if = llArv) and T{, K (r') = if'. By construction 



! PAi? 
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r' G ^p'ar > an d from remark l4~2l KJ< ^{r') = K' and KtK u (r') = 0. Since 

^■PAR M PAR,oo 



a\ru = a[a2, T* KjifW (r') = = Y^(rz/) , and cr^cr 2 is infinite if a is infinite, 

M PAR,oo 

property d follows, setting p' = p"\\Y, A = r' and rj = rv. 

Z' =^-* leads to a variable G Var and the derivation p"\\Y.(Z') can be 
written in the following form 

p"\\Y.(Z') ^t'\\Y(W) \t'\\W' ^* (3) 
with p" % r' = Y.(W)-^W and o x G Interleaving (X, a[) (4) 

Moreover, p"||W 4* t'\\W ^ and this derivation is in nj^. Since Z' 
=3>* IV and T{ f (i/) C K, from lemma IB~2l we have that Z' ^* K W with 

U PAR 

T f MK ( x ) = rUv). Since r = ZAY.(Z') G 3? and r' = Y(W)^W G », 
where T^ M (r) C If and T{ f (r') C X, from the definition of WtpAR it follows 
that r" = ZZW G H*^ where K< = T f M (rr') U T f Mp ( X ) = T f M (rur') 



and (r") = K'. By construction, r" G 9ftp^p , and from remark 14.21 

(O = and T' (r") = 0. Since a \ rzV = a[a 2 , T f . (r") 

iW PAii JM PAfl,oo M PAR,zc 

= = T^(riV), and cr^ is infinite if a is infinite, property d follows setting 
p' = p"\\W, A = r" and 77 = rvr' . 

□ 

Now, let us assume that K 7^ K u . Then, the following result holds. 

Lemma C.5. Let us assume that K 7^ K w . Given a variable X G Var and a (K,K W )- 
accepting infinite derivation in M from X , the following property is satisfied: 

1. There exists a variable Y G Var reachable from X in ^-seq through a (K',0)- 
accepting derivation in M^ E q with K' C K , and there exists a derivation Y K KW 

n PAR 

such that k ,k"(p) = K and T°° KiK u,(p) U KsKU , (p) = K u . Moreover, either p 

M PAR PAR M PAR,ao 

is infinite or p contains some occurrence of rule in 3ftp^j \ ^par- 

Proof Since K 7^ K u and K D K w , it follows that K D K w . Let d = X 4>* be a 
(K, if^-accepting infinite derivation in M from X. Evidently, K \ K u = {i G {1, . . . , n}\ 
a contains a finite non-null number of occurrences of rules in $tf}. Then, for all % G K\K^ 
it's defined the greatest application level, denoted by hi(d), of occurrences of rules of 
in the derivation d. The proof is by induction on maXi & K\K^{hi{d)}- 
Base Step: maxi e K\K u {hi(d)} = 0. In this case it follows that each subderivation of 
d = X does not contain occurrences of rules in {J ieK \ K u> $tf- So, d is belonging to 
npAp 00 • Then, from lemma RT4l we obtain the assertion setting Y = X. 
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Induction Step: maXi & K\K^{hi(d)} > 0. If d = X =5>* is in Tlp'^ Roo , from lemma IU~4l 
we obtain the assertion setting Y = X. Otherwise, from lemma it follows that the 
derivation X can be written in the form 



X ^t\\Z \t\\Y.{Z>) % 

where r = Z-^Y.(Z'), and there exists a subderivation of t|| y.(Z') =£•* from Z 1 , namely d! = 

Z' that is a (K, fO^-accepting infinite derivation in M. Evidently, maXi & x\K^ {hi(d')} < 
max i&K \ K u>{hi(d)}. By inductive hypothesis, the thesis holds for the derivation d'. There- 
fore, it suffices to prove that Z' is reachable from X in ^seq through a (K 1 , 0)-accepting 
derivation in M^ E q with K' C K. From lemma lB~2| applied to the derivation X ^* t\\Z 
where T M (cri) C K, there exists a p E Tpar such that X p\\Z with T{, K (pi) 

^PAR PAR 

= Y M (<Ti). From the definition of ^§eq we obtain that X =^* K Z =^ K Y.(Z'), with 
T m* (7) = T mk (Pi) and T L ( r ) = T A/( r ) £ -K"- So > M £ X. This concludes 

™SBQ PAR 1V1 SEQ 1V1 SEQ 

the proof. □ 

Now, let us assume that = The next two lemmata manage this case. 

Lemma C.6. Let i E K , X E Var and X =?>* be a (K, K w )- accepting infinite derivation 
in M from X. Then, one of the following conditions is satisfied: 

1. There exists a variable Y E Var reachable from X in ^-seq through a (K',0)- 
accepting derivation in M^ E q with K' C K , and there exists a derivation Y — 



such that k ,k"{p) = K an d T°° K K u(p) U KsKU , (p) = K w . Moreover, either p 



X PAR 



M 



PAR 



is infinite or p contains some occurrence of rule in 3?p^ \ ^par- 

2. There exists a variable Y E Var reachable from X in dtg E g through a (l£j,0)- 
accepting derivation in M^ E q with {i} C Ki C K, and there exists a (K^K 1 * 3 )- 
accepting infinite derivation in M from Y . 

Proof. The proof is by induction on the level k of application of the first occurrence of a 

rule r of 3ftf in a (K, if^-accepting infinite derivation in M from a variable. 

Base Step: k — 0. If X =>■* is in IIp^^, from lemma IC~4l property 1 follows, setting 

Otherwise, from lemma I7Q1 i 

the form 



Y — X . Otherwise, from lemma Ia72I it follows that the derivation X =>•* can be written in 



X ^*t\\Z \t\\Y.{Z') ^* 

where r' = Z—*Y.(Z'), and there exists a subderivation of i||y.(Z') =£•* from Z 1 , namely 

Z' =4-*, that is a (K, fT^-accepting infinite derivation in M. By noticing that every rule 
occurrence in a' 2 is applied to a level greater than zero in X and that we are considering 
the case where k — 0, it follows that r must occur in the rule sequence o-\r'{o<i \ o~' 2 ). From 
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lemma lATTT we have t =^ 2 ^- Therefore, there exists a derivation of the form X 4>* t'\\Z 

v' f \ 

=r^t ||y.(Z') with {i} C T M {Xr') C X. From lemma IB721 applied to the derivation X =^>* 
i'llZ, there exists apG such that I =$•* p||Z, with T{, K (p) = T{AX). From the 

K PAR PAR 

definition of 3?fp we have that X =^>* Z =^> y.(Z'), with T{ k (/i) = T{ k (p) and 

R SEQ K SBQ M SEQ PAR 

^ mk ( r ') = ^Aftr')- Therefore, T{ k (pr') = T( / (Ar / ). Thus, variable Z' is reachable 

SEQ " SEQ 

from X in Kf^g through a (Xj, 0)-accepting derivation in M^ E q with {2} C fQ C K, and 
there exists a (X, X w )-acceptmg infinite derivation in M from Z'. This is exactly what 
property 2 states. 

Induction Step: A; > 0. If X =^>* is in IIp^^, from lemma [C3] property 1 follows, setting 

y = X. Otherwise, from lemma 1X31 it follows that the derivation X can be written in 
the form 

X ^*t\\Z ^t\\Y.(Z') ^ 

where r' = Z—*Y.(Z'), and there exists a subderivation of t\\Y.(Z') from Z', namely Z' 
=4-*, that is a (X, X w )-acceptmg infinite derivation in M. There can be two cases: 

• The rule sequence o~\r'{pi \ o~' 2 ) contains the first occurrence of r in a. In this case, 
the thesis follows by reasoning as in the base step. 

• o~' 2 contains the first occurrence of r in a. Clearly, this occurrence is the first occur- 
rence of a rule of tflf in the (K, X w )-accepting infinite derivation Z' =£■*, and it is 
applied to level k' in Z' =4-* with k' < k. By inductive hypothesis, the thesis holds 

for the derivation Z' =4*. Therefore, it suffices to prove that Z' is reachable from X 
in ^seq through a (K', 0)-accepting derivation in M$ E q with K' C X. From lemma 
IB. 21 applied to the derivation X t\\Z, there exists ape T P ar such that X 4>* K 

n PAR 

p\\Z with T mK (p) = T{ / (cr 1 ) C K. ^From the definition of 3tg EO we obtain that X 

PAR V 

Z4 K y.(Z') with Tj^ (p) = T^, (p)andT{ /K (rO = T f M (r') C X. 

SEQ ^SEQ SEQ 1U PAR 1U SEQ 

So, T{ x (aw') ^ X. This concludes the proof. 

M SEQ 

□ 

Lemma C.7. Let X e Var and X fee a (X, K u )- accepting infinite derivation in M 
from X. Then, one of the following conditions is satisfied: 

1. There exists a variable Y G Var reachable from X in ^seq through a (X',0)- 
accepting derivation in M^ E q with K' C X , and there exists a derivation Y =>* K KLJ 

^PAR 

such that K . K ^(p) = X and T°° K KU (p) U K>KU (p) = K w . Moreover, either p 

M PAR PAR M PAR,oo 

is infinite or p contains some occurrence of rule in ^p^ R \ ^-par- 
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2. There exists a variable Y G Var reachable from X in dt K E g through a (K, 0) -accepting 
derivation in M^ E q, and there exists a (K, K")- accepting infinite derivation in M 
from Y . 

Proof. It suffices to prove that, assuming that property 1 is not satisfied, property 2 must 
hold. If | If | = 0, property 2 is obviously satisfied. So, let us assume that \K\ > 0. Let 
K = {ji, ■ ■ ■ , j\K\}, and for all p = 1, . . . , \K\ let K p = {ji,...,j p }. Let us prove by 
induction on p that for all p = 1, . . . , \K\ the following property is satisfied (assuming that 
property 1 isn't satisfied): 

a There exists a variable Y reachable from X in ^tg E n through a (K', 0)-accepting deriva- 
tion in Mg E g with K v C K' C K, and there exists a (K, K w )-accepting infinite 
derivation in M from Y . 

Base Step: p = 1. Considering that property 1 isn't satisfied, the result follows from 
lemma 10.61 setting % = j\. 

Induction Step: 1 < p < \K\. From the inductive hypothesis there exists at G Ts E q\{e} 
such that X 4>* t with Q T{ K (p) C K, and there exists a (K , if aJ )-accepting 

' R SEQ SEQ 

infinite derivation in M of the form last(t) =?■*. From lemma ITT61 applied to the derivation 
last(t) =!>*, and considering that property 1 isn't satisfied, it follows that there exists a 
t G Tseq \ {^} such that last(t) K t with {j p } C T mK (p) C K, and there exists a 

SEQ SEQ 

(K, if u ')-accepting infinite derivation in M from last(t). So, we have X =£* K tot with 
-Kp ^ ^{fif (pp) ^ -K- Therefore, setting Y = last(t), we obtain the assertion. 



SEQ 



^From property a, since K\x\ = K, the thesis follows. □ 
C.l Proof of Theorem 14.41 

Let us assume that K ^ K w . Given X G Var, we have to prove that there exists a 
(K, if w )-accepting infinite derivation in M from X if, and only if, the following property 
is satisfied: 

• There exists a variable Y G Var reachable from X in ^g E n through a (K', 0)- 
accepting derivation in M^ E q with K' C K, and there exists a derivation Y =^>* A , K „ 

^PAR 

such that k ,k^{p) — K and T°° KKU (p) U T KtK «> (p) = K w . Moreover, either p 

M PAR M PAR M PAR,oo 

is infinite or p contains some occurrence of rule in ^tp'^ R \ ^-par- 
(=^) The result follows directly from Lemma f( 1 51 

(<=) From hypothesis we have 

1. X A* t with t G T SEQ \ {e}, last(t) = Y and T f K (A) C K. 

U SEQ ' SEQ 
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2. Y 4>* with T] '(p) = K and (p) U ' (p) = if. Moreover, 

K PAij PAR PAR JVJ PAH,oo 

either p is infinite or p contains some occurrence of rule in tftp^R \ ^-par- 

Since X G SEQ(X), from condition 1 and lemma [U~3l it follows that there exists a s G T 
such that t G SEQ(s) and X 4>* s with T M (r]) C if From condition 2 and lemma [U~2l 
it follows that there exists a (if if )-accepting infinite derivation in M of the form Y =>■*. 
Since K G SubTerms(s), from proposition IA. II we have that s 4>*. After all, we obtain X 
s -~$*sfp that is a (if if )-accepting infinite derivation in M from X. This concludes the 
proof. 

C.2 Proof of Theorem 1331 

Let us assume that X = if. Given X G Kar, we have to prove that there exists a 
(if if )-accepting infinite derivation in M from X if, and only if, one of the following 
properties is satisfied: 

1. There exists a variable Y G Var reachable from X in $lg E Q through a (if , 0)- 
accepting derivation in M$ E q with if C X, and there exists a derivation K =^»* K KU> 

X PAR 

such that KK u(p) = K and T°° KK ^(p) U K K ^ (p) = if. Moreover, either p 

M PAR M PAR M PAR,oo 

is infinite or p contains some occurrence of rule in ^>'ar \ 9?par- 

2. There exists a (if if )-accepting infinite derivation in M$ E q from X. 

(=>) It suffices to prove that, assuming that condition 1 does not hold, condition 2 must 
hold. Under this hypothesis, we show that there exists a succession of terms (th)heN in 
Tseq \ {t} satisfying the following properties: 

i. t = X 

ii. for aU h G N last(t h ) ^* t h+1 with T[. K (p h ) = if 

®SEQ SEQ 

iii. for all h G N there exists a (if if )-accepting infinite derivation in M from last{th). 

iv. for all h G iV last(th) is reachable from X in Kfpg through a (if, 0)-accepting deriva- 

tion in M|e Q with if C if 

For h = properties iii and iv are satisfied, by setting to = X. So, assume the existence of 
a finite sequence of terms to, ■ ■ ■ > th in ^s^q \ {e} satisfying properties i-iv. It suffices to 
prove that there exists a term th+i in Tseq \ {z} satisfying iii and iv, and such that last(th) 
^* K th+i with Ti K (ph) = if ^From the inductive hypothesis, last(th) is reachable 

>X SEQ SEQ 

from X in $lg E Q through a (if, 0)-accepting derivation in Mg E Q with if C K, and there 
exists a (if if )-accepting infinite derivation in M from last(th). From lemma [U"71 applied 
to variable last(th), and the fact that condition 1 does not hold, it follows that there exists 
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term t G T$eq \ {z} such that last(th) K t with T{, K {Ph) = K, and there exists 



^SEQ 1V1 SEQ 



a (K, if )-accepting infinite derivation in M from last{t). Since last(th) is reachable from 
X in ^StgEQ through a (if, 0)-accepting derivation in M$ E q with if C K, it follows that 
last(t) is reachable from X in ^seq through a (X, 0)-accepting derivation in M^ E q. Thus, 
setting th+i = t, we obtain the result. 

Let (th)heN be the succession of terms in T S eq \ {z} satisfying properties i-iv. Since in this 
case | If | > (remember that \K | + |if | > 0), we have \ph\ > for all h G N. Then, by 
property 1 of proposition IA.2I we obtain that for every h G N 

t h ^* t h o t h+ i with r{ K ( Ph ) = k 

X SEQ SEQ 

^From property 2 of proposition IA. 21 we have that for all h G N 

t otio. . .oth t °^i°- • .°t h ot h+ i 

Therefore, 



SEQ 



X=to % K t o tl ^* t o tl ot 2 ^* . . . ^* t ot lO . . M h 

*SEQ SEQ SEQ SEQ 

^Lk t ot 1 o...ot h ot h+ i P - > 



K 



^SEQ SEQ 



is an infinite derivation in ^seq ho m X. Setting 5 = poPi • • •, from ii and proposition 13.11 
we obtain that 

T U (*) = U t m- M = K - 

SEQ V - y SEQ 



T m- W = © T m- (p h )=K = K». 

SEQ VL/ M S EQ 

h&N 

Hence, condition 2 holds. 



(<=) At first, let us assume the condition 2 holds. Then, since X G SEQ(X), the result 
follows directly from lemma IU"3l Assume that condition 1 holds instead. Then, we reason 
as in the proof of theorem 14.41 
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